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ADJOINT IMPLEMENTATION OF ROSENBROCK METHODS

Abstract.

In the pastdecadehe variationalmethodhasbeensuccessfullyappliedin data
assimilatiorproblemdor atmospherichemistrymodeld9, 10, 11]. In 4D-var data
assimilationa minimizationalgorithmis usedto nd the setof control variables
which minimizesthe weightedleastsquaredistancebetweenmodel predictions
and obsenrations over the assimilationwindow. Using the adjoint method, the
gradientof the costfunction canbe computedast, at the expenseof few function
evaluationsmakingthe optimizationprocessery ef cient. For largescalemodels,
thehigh storageequirementandthedif culty toimplementheadjointcodewhen
sophisticatedntegratorsareusedto solve the stiff chemistrymale the assimilation
a very intensve computationalprocess. If the sparsestructureof the chemical
modelsis carefully exploited, Rosenbrocknethodshave beenprovedto bereliable
chemistrysolversdueto theiroutstandingtability propertiesandconserationof the
linearinvariantsof the system.In this papemwe presentanef cient implementation
of theadjointcodefor the Rosenbrockype methodsvhich canreducethe storage

requirementsf theforward modelandis suitablefor automatization.




1. INTRODUCTION
Consideran atmospherid¢ransport-chemistrynodelgiven by the systemof differential

equations:
—c c div c c c I )

on the boundedspatialdomain andthetime interval . Theinitial
conditionis ¢ c andappropriatdoundaryaluesareprescribed Thesolution
c of problem(1.1) representshe concentratiorvectorof the chemicalspecies
in themodel, is thewind eld, is the eddydiffusivity tensorand
representthesourceandsink terms. Thechemicaleactionsaaremodeledoy thenonlinear
stiff terms c c c,with ¢ thevectorof productionterms, c cthe
vectorof lossterms,and ¢ adiagonalmatrix. We will refer at problem(1.1) asthe
forwardmodelandc will representhe“forwardtrajectory”. Theforward
trajectoryis determinedy thevaluesof theparameterg (1.1)andtypical choicesfor the
setof controlvariablesn dataassimilationarethe boundaryaluesiinitial concentrations
¢ ,emissionsanddepositiorrates.For the purposeof this paper next we formulatethe
4D variationaldataassimilatiorproblemfor thediscretemodelassociatetb (1.1)with the
setof controlvariableggivenby theinitial stateof themodel, . A generaframework for
adjointparameteestimationis presentedh [21].
Undersuitableassumptionsproblem(1.1) hasan uniquesolutionandwe canview this

solutionasa functionof theinitial conditionsc ¢ c

If spacediscretizationis appliedto problem(1.1) on a grid , the resulting
ODE systemof dimension is:
c
(1.2)
c c
where  representshe advectionandhorizontaldiffusion, is the verticaldiffusion,

andthereactionandthe source/sinkermsareincludedin . We assumehata previous

analysisprovidesa "backgroundestimate” of  with the error covariancematrix
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andmeasurements of theconcentrationatmoments arescattereaverthe
interval . Theerrorsin measuremen@ndmodelrepresentatienessaregivenby the
covariancematrices . Thecovariancematrices and  aresymmetricand

positive de nite (if they do not containnull or in nite variancespr perfectcorrelations,
[30]) suchthat arewell de ned. In practice are oftentaken diagonal
which correspondto theassumptiorthatthereis no spatialandchemicalkorrelationin the
backgrouncerrors,andmeasuremergndmodelerrorsareuncorrelatedn spaceandtime.
The4D-var dataassimilationnds aninitial state thatminimizesthe distancebetween

themodelpredictionsandobsenationsexpressedy the costfunction:

c -¢c ¢ B ¢ ¢ - ¢ ¢ R ¢ ¢ (13

The quality of the assimilationresultsdependson several factorssuchas: availability
andspatial-temporatlistribution of measurementsccurag of the backgrouncestimate,
assimilationwvindow, errorsin measuremen@ndmodelrepresentatienessThis analysis
is beyond the goal of this paper and detailscanbe foundin [9, 17] andthe references
therein.

Most of the powerful optimizationtechniquesequirethe evaluationof the gradient

of the costfunction. In a comprehensie atmospherichemistrymodelthe dimensionof

the vectorc caneasilybe of order which make the optimizationa very expensve
computationaprocess.

In the variationalapproachone computeghe gradientof the functional by usingthe
“adjointmethod”. Sincefor nonlineamproblemgsuchasl.1,1.2)thecorrespondingdjoint
equationgiependon the forwardtrajectory the computationatostandthe compleity of

the adjointimplementatiorare signi cantly increasedascomparedvith linear problems.
The generaltheoryof adjointequationds describedn [19, 20] andthe derivation of the

adjointmodelfor the continuousanddiscretecaseis givenin [11, 29]. Below we outline



thebasicideas.Thegradientof the costfunctionis:

c B ¢ ¢ — R ¢ ¢ 1.4)

Usingthechainrulein itstransposéorm  —%- L— & wecandeduce

thealgorithmto computethe necessargradient:
Stepl.Initialize

Step2.

Step3. B ¢ ¢

The main advantageof the adjoint methodis that explicit computationof the Jacobian
matricesCL is avoidedandthe matrix-vectorproductscanbecomputediirectly at Step
2. Forthetheoryandactualimplementatiorof theadjointcomputationshereadershould
consulf6, 13, 14]. Sincethealgorithmdescribedborerequireghevaluesof ¢ inreverse
order thesevaluesneedto be storedfrom a previousrun or recomputed.Moreover, in
practicethe measurementare usually sparseandthe valueof ¢ is obtainedfrom c
with a sequencef stepsc c c ¢ . Thecomputationatrade-of is
thenbetweenrallocatinga hugeamountof memoryto storethe statesof the systemduring
theforwardrun, or frequentecomputations/hichincreaseherunningtime of thecode. If
anexplicit numericaimethodis usedto solve thestiff chemistrypartof problem(1.2)then
the“trajectory”fromc  toc maybecomeverylong,increasinghe costof the adjoint
code. On anotherhand,if animplicit methodis usedthenthe adjointcomputationsnay

becomecomplicated Ideally onewould like amethodcapableof takinglarge stepsizeand

anef cient adjointimplementation.

2. OPERATOR SPLITTING
A populamwayto solve problem(1.2)isto useoperatosplitting,whichhastheadvantage

that processesuchasadwection,vertical diffusionandchemicalreactionscanbe treated
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with differentnumericaimethodsIn asecondrderaccuratéStrangsplitting[28] approach

with thetime step ,thesolutionc  isobtainedromc asfollows:

- - - - - - 2)

wheretheoperators arede nedby thenumericaimethodusedo solvethecorresponding
processesf denoteghe Jacobiammatrix associateto ~ , theadjointalgorithm
to computethe gradient(1.4) of the costfunctionrequiresproductsof theform —, with
anarbitraryseedvector Sincefor large systemsonstructinghe adjointcodeby hand
canbe a frustratingprocessautomatictools have beendeveloped[13, 22]. Automatic
implementatiorallows alsofor e xibility, suchthatif themodelis modi ed minimaluser
interventionis required.
Usually is de ned by anexplicit methodandmay be nonlinear(e.g. if a ux-limiter
is appliedfor positvity [16, 32]),  islinear, de ned by a (semi-)implicit method.The
products and  canbethenefciently computedisinganautomaticadjointcom-
piler. Colemaretal.[7] presentain“extended]acobianframavork to exploit the sparsity
of a nite differenceschemewhichleadsto ef cient computation®f theadjointproducts
whenautomatidifferentiationis appliedon the nite differencestencils.
Theoperator is highly nonlinear given by a stiff numericalmethod,andthe imple-
mentationof  needsspecialconsideration Sincethe adjoint methodrequiresseveral
integrationsof the direct model, the storageof (part of) the forward trajectoryandthe
computatiorof the productsthe performancef the adjointmodel
is dominateddy theimplementatiorof thedirectandadjointmethodusedin thechemistry
integrationwhich takesin practiceasmuchas90% of the CPUtime.
Fisher and Lary[11] shav the adjoint computationgor the adaptve-timesteBulirsch-
Stoermethod,and Elbern and Scimid{9] usethe adjoint modelfor a quasisteadystate
approximation(QSSA)scheme.ln the next sectionwe presenthe adjointformulasfor a
generalR-stageRosenbrocknethodandan ef cient implementatiorwhich is suitablefor

automatizationThelL-stablemethod we obtainasa particularcasewvasappliedfor



the chemistryintegrationin the forward 3D modelLOTOS[3] in the contet of various
typesof operatorsplitting and usingapproximatelacobiangasa W-method). Extension

to ageneral -stagemethod[15] is straightforvard.

3. ADJOINT COMPUTATIONS AND IMPLEMENT ATION FOR A 2-STAGE
ROSENBROCK METHOD

i) Derivationof theadjointformulas We considemow the problem

c
c
T (3.1)
c c
withc ¢ and
Onestepfrom to  with of a 2-stageRosenbrocknethodaspresentedn
[15] reads:
e k c 3.2
e k c k —k (3.3)
c c k k (3.4
where istheJacobiamatrixof evaluatedatc , —— ¢ c andthecoefcients

are chosento obtaina desiredorder of consisteng and numerical
stability. Sinceof specialinterestarethemethodghatrequireonlyone  decomposition
of — perstep,we considethe casewhen

For theadjointcomputationsve have from (3.2),(3.3):

k

— — k — )
: s (3.5)
k. k. Kk . -
c c c c
where is the Jacobiarevaluatedat c k , andtheterms — k are

matriceswhose columnis < k . We wantto stressherethefactthat
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thesematricesarenotsymmetricandwe will returnto thecomputatiorof theseermslater.

Using(3.4,3.5),for anarbitraryseedvectoru we have:
< u u — Kk — u
c c
K _ kK ok _ u
c c c
Stepl. Solvefor v thelinearsystem — vV u. Then,
< u u — kK % % LS - v
c c c
— Kk 3.6
- v (36)
Step2. Compute % —V. Using(3.5)we getnext:

Step3. Solvefor thelinearsystem —

After replacingin (3.6),it results:

andafterarranginghetermswe obtain:

Step4. Compute & u
u Y% — k Y% —~ k v 3.7)

We now focus on the termsof the form < k v whoseevaluationdominatethe
computationakostof the algorithm given by Step1-4. Herek v are arbitrary

constantvectors.For the componentve have:

\Y \Y
c C C C

k (38)

Considernow the function c v . Obsere thatthe Jacobian

matrixof is symmetric.We have
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which givesfor the(i,j) entryin theJacobiammatrix:

where is theHessiammatrix of thefunction

Then CC vV , SO0 é: is symmetric.Usingnow (3.8)it results:

k (3.9)

i) Implementatiorof the adjoint code The forward integrationof problem(3.1) using
implicit methodgogethemith the performanearalysisis givenin [25 26, 31], proving that
whenthe sparsityof the systemis ef ciently exploited Rosenbrocknethodsoutperform
traditional explicit methodslike QSSA and CHEMEQ. Implementationis donein the
symbolic kinetic preprocessoKPP ervironment[8] which generateshe sparsematrix
factorization requiredin (3.2, 3.3) with a minimal ll-in [24] and the routine to
forward-backvard solve the linear systemswithout indirect adressing. One stepof the
adjointcode( from to ) requiresaforwardrunfrom to givenby theformulas
(3.2-3.4)followed by the pure adjointcomputationgjiven by Sted-4. It is importantto
noticethatthe  decompositiomccount$or mostof theCPUtime of thecode andthere
is no needto repeatt duringthe purebackwardintegration.

Withthe  decompositiomf — availablefrom (3.2),Steplreads vV oou
A new loop freeroutineis generatedy KPP for forward-backvardsolvingthis systemin
sparsdormatavoidingindirectaddressingThecomputationatostof Stepl,3canbethen
comparedvith the correspondingartfrom (3.2)and(3.3).

Step?2 requiresevaluationof the product v which is automaticallycomputedoy KPP
usingsparsenultiplications.Thisintroducesomeextrawork (  isevaluatecatc k),
but its costis relatively cheap.Theef ciency of theadjointcodeis thendominatedby the

implementatiorof Step4, givenby theformula(3.7).
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Using(3.9),we canrewrite (3.7) as:

k  (3.10)

with c \ o V.

In (3.10)we have thento computethe productsfor thefunctions

whichcanbedoneby automatidifferentiation2, 13] of thefunctionsgenerated

via KPP, The costis then2-3 timesthe costof evaluating ¢ ¢ andremaindow

dueto thesparsestructureof . Automaticdifferentiationfor  providesalsothe value
c , sothereis noneedto computeit separatelylLastbut notleastthesecomputations

areindependenallowing parallelimplementation.

4. PERFORMANCE AND VALID ATION OF THE ADJOINT ALGORITHM

The algorithm and implementationpresentedn Section3 have the bene t that the
adjoint code of the chemistryintegrationis generateccompletelyautomatically taking
full advantageof the sparsityof the system. This allows the userto easily move from
onemodelto anotherandmalesit very attractve comparedvith the handwritten codes
which constructiorfor large modelscanbe a dif cult process.Moreover sincesymbolic
computationsare used,roundingerrorsare avoided andthe accurag of the resultsgoes
up to the machineprecision. Implementatiorin the KPP context hasalsothe advantage
that avoids the introductionof auxiliary adjointvariableswhich hasdirectimpacton the
performancef thecodebothin termsof memoryusageandCPUtime.
As aparticularcasewe considerthe2  order2-stageRosenbrocknethod which
is obtainedfrom (3.2-3.4)by taking - - — —. Choosing

" themethods L-stableandthenumericalexperimentspresentedh this section

were performedwith . Thesuperiorstability, positivity and conseration
propertiesof this schemeareanalizedby Verweret al. [31] who reportsgoodresultsin
thecontet of varioustypesof operatorsplitting evenwhenlarge x edstepsizes(10to 20

min.) areused.
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i) Theboxmodel In orderto testthe performanceof the implementationwe consider
rst abox modelfor the problem(1.1). The chemistrypartis basedon the CarbonBond
MechanismlVV (CBM-1V, [12]) with 32 chemicalspeciesnvolvedin 70 thermaland11
photolytic reactions. The dataassimilationproblemis setusingthe “twin experiments
method”, with the backgrounderm droppedand the logarithmicform of (1.3). Taking
the logarithm of the concentrationsas the advantagethat the positvity constraintis
eliminatedand scalesthe system. The minimizationroutine usedis the Quasi-N&vton
limited memoryL-BFGS algorithm[4, 5], anticipatingextensionto large scalemodels.
The initial concentrationgollow the urbanscenarioas describedn [25], with aninitial
concentratiorof 70 ppbfor O3. Assimilationstartsatthe beginningof thethird day (6:00
LT) over a period of 6 hours,with measurementprovided every 15 minutes. As the
initial guessfor the concentrationsve choosethe valuesat the beginning of the second
day. Theoneday periodis introducedin orderto allow the systemto equilibrate. The
integrationis restartedevery 15 minuteswith aminimumstepsizeof 1 sec. simulatingan
operatorsplitting ervironment.With theabsoluteandrelative tolerances molec.,
, the numberof intermediatestepswithin a 15 min interval rangesrom 5 to
12, providing a relatively shortforwardtrajectory Two experimentswvereperformed:in
Run1 measurementsereprovidedfor ozoneonly andin Run2 for ozoneandNO2. The
resultsof the assimilationfor O3, NO2, andNO areshavn in Figurel. It canbe seen
thatmodelpredictionsarehighly improvedevenafterthe endof the assimilatiorwindow
(12:00LT), andintroducingNO2 measurements of bene t notonly for theNO2andNO
analysishut alsofor the O3 analysis.However, sinceadditionalconstraintgreintroduced,
thisincreaseshe numberof iterationsin the optimization(Tablel).
As analternatve way to computethe gradientswve usethe secondrdercentraldifference
formula[1] with . Figure2 (left Run1, rightRun2) shavstherelative
andabsolutedifferencedetweerthe computedgradientswith respecto someimportant
speciesn themodel. Sincein the context of stiff computationsanda long trajectorythe

roundof errorscan highly affect the accurag of the differenceschemesye also shav
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in Figure 3 the correspondingesultsfor assimilationwith only one measurement&t T
= 6:15LT, togethemwith the computedgradients. In average8 to 10 signi cant digits of
the gradientsarematchedwhen is nearlyzero,therelative error sizein the gradient
approximatiorfor differenceschemesnaybecomeverylarge[1]).

For consisteng with the implementationfor large scalemodels,wherethe storageof
the entire trajectoryis not a realisticoption, a checkpointingschemeis appliedfor the
gradientcomputations.First, a full forwardrun is usedto storethe statesof the system
at the measurementnoments. Second,during the backward integration, a full forward
run storeshetrajectorybetweemmeasurement&eeSectionl) andinformationaboutthe
stepsizaused.Third, thecomputationgjivenby Stepl-4in Section3 areperformedpure
backwardintegration). Obsenethatthenumericalvaluesof k  k arestill required.These
recomputationsaybeavoidedby storingall k duringthesecondorwardrun, but thiswill
doubleits storageequirementsWe preferto repeat3.2)tocomputek , thenavoid (3.3)by
setting k ¢ ¢ k in (3.10). Thetechnicakeportof the optimizationprocess
is outlinedin Tablel (Run1,2). We denoteby KPP-AD theimplementatiorof the adjoint
codeusingthe KPP generatedidjoint routinesandforward automaticdifferentiation. It
canbeseenhatthe averageratio betweerthe CPUtime requiredto computethe gradient
(andcostfunctionvalue)andthe CPUtime of aforwardrunis lessthanfour, whichmakes
ourimplementatiorvery ef cient.

As analternatve way for automaticadjointcodegenerationye appliedtheadjointmodel
compilerTAMC [13, 14] to (3.2-3.4)usingthesamecheckpointingscheme n particular
we noticedthattheadjointcompilerfailsto generatanef cient adjointcodefor thesparse
Jacobianand chemistrycomputations. The timing resultsincludedin Table| (TAMC)
were obtainedwith signi cant userinterventionin orderto improve the ef ciency for
sparsedjointcomputations.

i) Applicationto a 1-D problem We considernow a one dimensionalhorizontaltest
problemcorrespondingo (1.1). Thewind eld andthe diffusion coefcient aretaken

constant, km/hour (left-to-right), Km sec Secondorder Strang
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splittingis applied:

with asplittinginterval min. Theadwectionoperatotis discretizedusinga
limited upwind ux interpolationaspresentedh [16], andthediffusionoperator
usingcentraldifferencegormula. Togethetheyde ne . Thenumericamethodde ning
is the explicit trapezoidakule. Concentrationsire keptconstantt the left boundary
(x=0) andat the right boundarywe consider—< . For afull descriptionof the space
discretizatiorthe readershouldconsult[23]. With the spatialdomain[0,500] Km anda
uniform grid Km, the dimensionof the corresponding1.2) problemis 3200. A
highly pollutedregionis consideredetweer?00and300Km, with initial concentrations
andemissionssfor theurbanscenariandfor therestof thedomainrural concentrations
andemissionsareprovided[25]. Interpolationis donebetweerthe center(250 Km) and
theurbanlimits. In orderto allow the systemto equilibrate box models(chemistryonly)
areintegratedfor onedayoverthewholegrid. Theresultsarethe“true” initial conditions,
c . “Measurementsarethengeneratedvery 15 min by a 6 hourstransport-chemistry
run. Figure4 shavsthespatialdistribution of thereferenceoncentrationatthebeginning
(6:00LT) andat the end (12:00LT) of the assimilationinterval for O3 andNO2. First
guessnitial concentrationaregeneratedgimilartoc , but with anuniforminjection of
0.1 ppb/hourover the rural areaand0.5 ppb/hourover the urbanareaof duringthe
box modelsintegration,which accountdor anerrorin emissionestimates.Assimilation
startsat 6:00LT overasix hourinterval, with measurement®r ozoneevery 15min. and
for NO2 eachhour, atall grid points. A checkpointingstratgy is appliedfor the gradient
computations.First, a full forwardrun is usedto storethe statesof the modelaftereach
operatorsplitting interval. Second,for the backward integration, a forward run stores
the stateswithin a splitting interval (1 + all chemistrysteps). Third, the pure backward
integrationis performed,wherethe intermediatestateswithin transportand within the

chemistrystepsneedto be provided by a simpli ed forwardrun. The adjointpartof the
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adwection-difussionequationss automaticallygeneratedsingTAMC. Thecomputational
schemdor onesplitinterval is describedn Figure5. Theperformancef theoptimization
processs givenin Tablel (Run3, KPP-AD) andthe assimilatiorresultsare presentedn
Figure6. We noteherethatthe previoustiming resultsfor the adjointcodearerecovered,
con rming thesuccessf theimplementationTheresultsobtainedvith TAMC appliedfor

full transport-chemistrgdjointcomputationgrealsoincludedin Tablel (Run3, TAMC).

5. CONCLUSIONS AND FURTHER WORK

Thedevelopmenbf powerful computing machinesin thepastdecalemacethevariational
dataassimilationtechniquefor large scalemodelsan intensive explored area. With a
dimensionof the systemsof order ary attemptto provide the gradientof the cost
functionusinga direct method( nite differencessolvingthe sensitvity systems)s not
feasible andtheadjointapproachis anattractvealternatve. In thecontext of stiff chemical
equationgxplicit integratorsmaytake prohibitive smallstepsizéor justfail), whichhighly
affectsthe performancef the adjointcode.
While several adjoint modelsfor explicit or semi-implicitnumericalmethodshave been
constructed,jmplementationof implicit methodsremainsa delicate problem. In this
paperwe introducedthe adjoint computationsand an ef cient implementatiorof the 2-
stageRosenbrocknethodswhich is suitablefor automatizatiorand parallelcoding. The
algorithmandthepropertiesvedescribeadaneasilybegeneralizeto  stagemethodsand
it is of interesto analysehow thisimplementatiortanbeextendedo implicit Runge-Kutta
methodg15]. Furtherwork includestestingon comprehensie models,implementation
in the context of W-transformatioranddifferenttypesof operatorsplitting aswell asthe

possibilityto useapproximateyradients.
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Figure captions
Fig.1 Assimilationtakesplacefrom 6 to 12 LT; left Run 1, right Run2. Solid line with
dots=true;solid line = assimilatiorresult;dottedline= rst guess.
Fig.2 Absolute(solidline) andrelative (dottedline) differencebetweerthecomputedyra-
dientsusingthe centraldifferenceformulaandautomaticadjointcomputationsLeft-Run
1, right-Run2.
Fig.3 Absolute(dashedine) andrelative (dottedline) differencesdetweerthe computed
gradientqsolid line) usingthe centraldifferenceformulaandautomaticadjointcomputa-
tions. Left-Run1, right-Run2. To reducetheroundof errorsa shortinterval (15 min) is
considered.
Fig.4 Spatialdistribution of the referenceconcentrationgor O3 andNO2. Solid line =
initial(LT=6:00),dottedline = nal (LT=12:00)
Fig.5 Computationaschemeof theadjointcodefor onetime splitinterval. Concentrations
arestoredaftereachstepduringtheforwardintegration,thenloadedfor theadjointintegra-
tion. Additional partialforwardcomputationgrerequiredduringtheadjointintegration.
Fig.6 Assimilationresultsatsomerepresentaie pointsfor eacharea.Firstline O3,second
NO2,third NO. Solid dots=true solution,solid line= assimilatiorresult,dottedline= rst

guesssolution.
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TABLE |

Performanceof the optimization processand the adjoint code .

cpuliter(sec) cpu cpu
Run lter. -eval. cpu (sec) KPP-AD TAMC KPP-AD TAMC (it.0) (it.end)
1. 27 32 0.017 0.35 0.42 3.66 7.71 1l.e5
2. 32 38 0.017 0.36 0.44 3.71 7.75 2.8e3
3. 34 34 2.05 8.32 16.6 3.65 7.69 l.e2

All the computationsveredoneon a HP-UX B.10.20A 9000/778machinewith level 2 optimization. The
timeto read-writedatato les is notconsideredor theseratios. Simpli ed recomputationfor theadwection-

diffusion partaretaken duringthe backvardintegration(seeFig. 5).
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Forward Integration
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