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Abstract.

In the pastdecadethe variationalmethodhasbeensuccessfullyappliedin data

assimilationproblemsfor atmosphericchemistrymodels[9, 10, 11]. In 4D­vardata

assimilationa minimizationalgorithm is usedto �nd the set of control variables

which minimizesthe weightedleastsquaresdistancebetweenmodel predictions

and observations over the assimilationwindow. Using the adjoint method,the

gradientof thecostfunctioncanbe computedfast,at theexpenseof few function

evaluations,makingtheoptimizationprocessveryef�cient. For largescalemodels,

thehighstoragerequirementsandthedif�culty to implementtheadjointcodewhen

sophisticatedintegratorsareusedto solve thestiff chemistrymake theassimilation

a very intensive computationalprocess. If the sparsestructureof the chemical

modelsis carefullyexploited,Rosenbrockmethodshave beenprovedto bereliable

chemistrysolversdueto theiroutstandingstabilitypropertiesandconservationof the

linearinvariantsof thesystem.In thispaperwepresentanef�cient implementation

of theadjointcodefor theRosenbrocktypemethodswhich canreducethestorage

requirementsof theforwardmodelandis suitablefor automatization.
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1. INTRODUCTION

Consideranatmospherictransport­chemistrymodelgivenby thesystemof differential

equations:

�

��� c�����	��
���
 c����� div ����� c�����������

�������

c�

��� ���!�

c"#����$%�&�

�����
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(1.1)

on theboundedspatialdomain
�-,-.�/1032

andthetime interval
�	,54 �768��9;:

. Theinitial

conditionis c �

� 6 �<�

�(� c
6

�

�

� andappropriateboundaryvaluesareprescribed.Thesolution

c �

���<�

�

,=0

" of problem(1.1) representstheconcentrationvectorof thechemicalspecies

in themodel, 
>�

���<�

� is thewind �eld, �?�

�����

� is theeddydiffusivity tensor, and $@�&�

�����

�

representsthesourceandsinkterms.Thechemicalreactionsaremodeledby thenonlinear

stiff terms�A�

���<����B

�(�DCE� c�A��FG� c� c, with CE� c� thevectorof productionterms,F	� c� c the

vectorof lossterms,and F	� c� a diagonalmatrix. We will refer at problem(1.1) asthe

forwardmodelandc �

�����

�

���>,-4 �
6

��9;:

will representthe“forwardtrajectory”.Theforward

trajectoryis determinedby thevaluesof theparametersin (1.1)andtypicalchoicesfor the

setof controlvariablesin dataassimilationaretheboundaryvalues,initial concentrations

c
6

�

�

� , emissionsanddepositionrates.For thepurposeof thispaper, next weformulatethe

4D variationaldataassimilationproblemfor thediscretemodelassociatedto (1.1)with the

setof controlvariablesgivenby theinitial stateof themodel,
B

6

. A generalframework for

adjointparameterestimationis presentedin [21].

Undersuitableassumptions,problem(1.1) hasan uniquesolutionandwe canview this

solutionasa functionof theinitial conditions,c � c �

�������

c
6

� .

If spacediscretizationis appliedto problem(1.1) on a grid �IHEJ

�

HLK

�

HNMO� , the resulting

ODEsystemof dimensionHP�

*?Q

H
J

Q

H
K

Q

H
M is:

RS

T

SUWV

c

V&X

�DY[Z\�

B

����Y[]3�

B

���WY[^;�

B

�

c �

�_6

�(� c
6

(1.2)

where Y[Z representstheadvectionandhorizontaldiffusion, Y`] is theverticaldiffusion,

andthereactionandthesource/sinktermsareincludedin Y`^ . We assumethata previous

analysisprovidesa "backgroundestimate"
Bba

of
B

6

with the error covariancematrix c ,
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andmeasurementsc��

���

��)

���

of theconcentrationsatmoments
�

� arescatteredoverthe

interval
4 �768��9;:

. Theerrorsin measurementsandmodelrepresentativenessaregivenby the

covariancematrices�

�

���

��)

���

. Thecovariancematricesc and �

� aresymmetricand

positive de�nite (if they do not containnull or in�nite variances,or perfectcorrelations,

[30]) suchthat c	��


�

�

�

�

� arewell de�ned. In practicec

�

�

� areoften taken diagonal

whichcorrespondsto theassumptionthatthereis nospatialandchemicalcorrelationin the

backgrounderrors,andmeasurementandmodelerrorsareuncorrelatedin spaceandtime.

The4D­var dataassimilation�nds an initial state
Bb6

thatminimizesthedistancebetween

themodelpredictionsandobservationsexpressedby thecostfunction:

�

� c
6

�`�

)



� c

6

� c
a

��� B �

�

� c
6

� c
a

���

)




�

�

���

�

� c�

� c�
�

��� R �

�

�

� c�

� c�
�

� (1.3)

Thequality of the assimilationresultsdependson several factorssuchas: availability

andspatial­temporaldistribution of measurements,accuracy of thebackgroundestimate,

assimilationwindow, errorsin measurementsandmodelrepresentativeness.Thisanalysis

is beyond the goal of this paper, anddetailscanbe found in [9, 17] and the references

therein.

Mostof thepowerful optimizationtechniquesrequiretheevaluationof thegradient�����

�

of thecostfunction. In a comprehensive atmosphericchemistrymodelthedimensionof

the vectorc
6

caneasilybe of order )���� which make the optimizationa very expensive

computationalprocess.

In the variationalapproachonecomputesthe gradientof the functional
�

by usingthe

“adjointmethod”.Sincefor nonlinearproblems(suchas1.1,1.2)thecorrespondingadjoint

equationsdependon theforwardtrajectory, thecomputationalcostandthecomplexity of

theadjoint implementationaresigni�cantly increasedascomparedwith linearproblems.

Thegeneraltheoryof adjointequationsis describedin [19, 20] andthederivationof the

adjointmodelfor thecontinuousanddiscretecaseis givenin [11, 29]. Below we outline
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thebasicideas.Thegradientof thecostfunctionis:

� � �

�

� c
6

�`� B �

�

� c
6

� c
a

���

�

�

���

�

���

c�

�

c
6��

�

R �

�

�

� c�

� c��

� (1.4)

Usingthechainrulein its transposeform ���

c�

�

c�	�

�

�
�

�

c����


�

c���

�

���

c�

�

c����


�

� wecandeduce

thealgorithmto computethenecessarygradient:

Step1.Initialize �	���

��'���� �

� �

Step2. �����

�

�

� �

)

�

�@)

�

�

�	���

��'���� �

� �

�

c�

�

c����


�

��� R �

�

�

� c�

� c�� �����	���

��'���� ���

Step3.�����

�8'���� �

� B �

�

� c
6

� c
a

�����	���

��'���� �

The main advantageof the adjoint methodis that explicit computationof the Jacobian

matrices �

c�

�

c����


is avoidedandthematrix­vectorproductscanbecomputeddirectlyatStep

2. For thetheoryandactualimplementationof theadjointcomputationsthereadershould

consult[6, 13, 14]. Sincethealgorithmdescribedaboverequiresthevaluesof c � in reverse

order, thesevaluesneedto be storedfrom a previous run or recomputed.Moreover, in

practicethe measurementsareusuallysparseandthe valueof c � is obtainedfrom c�

�

�

with a sequenceof stepsc�

�

�! c�

�
 

� ���

 c"
�

 c� . Thecomputationaltrade­off is

thenbetweenallocatinga hugeamountof memoryto storethestatesof thesystemduring

theforwardrun,or frequentrecomputationswhichincreasetherunningtimeof thecode.If

anexplicit numericalmethodis usedto solvethestiff chemistrypartof problem(1.2)then

the“trajectory” from c�

�

� to c� maybecomevery long, increasingthecostof theadjoint

code. On anotherhand,if an implicit methodis usedthentheadjointcomputationsmay

becomecomplicated.Ideallyonewould likeamethodcapableof takinglargestepsizeand

anef�cient adjointimplementation.

2. OPERATOR SPLITTING

A popularwaytosolveproblem(1.2)is touseoperatorsplitting,whichhastheadvantage

thatprocessessuchasadvection,verticaldiffusionandchemicalreactionscanbetreated

�������	� ��
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with differentnumericalmethods.In asecondorderaccurateStrangsplitting[28] approach

with thetimestep� �

�����

� �

���

, thesolutionc
���

� is obtainedfrom c
�

asfollows:

B ���

�;� Y@Z

�

�

���




�

�

�




�

Y@]

�

�

���




�

�

�




�

Y@^\�

� � �

�#� Y@]

�

� � �

�




�

Y@Z

�

� � �

�




�

B �

(2)

wheretheoperatorsY arede�nedby thenumericalmethodusedtosolvethecorresponding

processes.If � denotesthe H

Q

H Jacobianmatrixassociatedto Y , theadjointalgorithm

to computethegradient(1.4)of thecostfunctionrequiresproductsof theform �

�
	 , with

	 anarbitraryseedvector. Sincefor largesystemsconstructingtheadjointcodeby hand

canbe a frustratingprocess,automatictools have beendeveloped[13, 22]. Automatic

implementationallowsalsofor �e xibility , suchthatif themodelis modi�ed minimaluser

interventionis required.

Usually Y3Z is de�ned by anexplicit methodandmaybenonlinear(e.g. if a �ux­limiter

is appliedfor positivity [16, 32]), Y
] is linear, de�ned by a (semi­)implicit method.The

products�

�

Z

	 and �

�

]

	 canbethenef�ciently computedusinganautomaticadjointcom­

piler. Colemanet al.[7] presentan“extendedJacobian”framework to exploit thesparsity

of a �nite differencescheme,which leadsto ef�cient computationsof theadjointproducts

whenautomaticdifferentiationis appliedon the�nite differencestencils.

The operatorY3^ is highly nonlinear, given by a stiff numericalmethod,andthe imple­

mentationof �

�

^

	 needsspecialconsideration.Sincetheadjointmethodrequiresseveral

integrationsof the direct model, the storageof (part of) the forward trajectoryand the

computationof the ��� �

B

��


'

�

�

�

�


��

�bB!�

��� products,theperformanceof theadjointmodel

is dominatedby theimplementationof thedirectandadjointmethodusedin thechemistry

integrationwhich takesin practiceasmuchas90%of theCPUtime.

Fisher and Lary[11] show the adjoint computationsfor the adaptive­timestepBulirsch­

Stoermethod,andElbern and Schmidt[9] usethe adjoint modelfor a quasisteadystate

approximation(QSSA)scheme.In thenext sectionwe presenttheadjoint formulasfor a

general2­stageRosenbrockmethodandanef�cient implementationwhich is suitablefor

automatization.TheL­stablemethod
0��@*




weobtainasaparticularcasewasappliedfor

�������	� ��
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the chemistryintegrationin the forward3D modelLOTOS[3] in the context of various

typesof operatorsplitting andusingapproximateJacobians(asa W­method).Extension

to a general� ­stagemethod[15] is straightforward.

3. ADJOINT COMPUTATIONS AND IMPLEMENT ATION FOR A 2­STAGE

ROSENBROCK METHOD

i) Derivationof theadjoint formulas. We considernow theproblem

RS

T

SUWV

c

V

t � �A� c�

c �

� 6

�`� c
6

(3.1)

with c �

�

�

�

c
6

, 0

�

and ���

0

�

 

0

�

�

� �����8�

�

���

� ��� �

�

�

�

�

.

Onestepfrom
�76

to
�

� with � �

�

�
�

�_6

of a 2­stageRosenbrockmethodaspresentedin

[15] reads:

�

)

�

�&� �

�

� �

6

� k �
� �A� c

6

� (3.2)

�

)

�

��� �

�

� �

6

� k �
� �A� c

6

�	� k �
���




�

k � (3.3)

c� � c
6

�

�

� k �`�

�

� k � (3.4)

where�

6

is theJacobianmatrixof � evaluatedatc
6

, �

6

� �

����


�

c�

�
����� c� c� andthecoef�cients

�

���

�

�

���

�

�

�



���

�

���

� arechosento obtaina desiredorderof consistency andnumerical

stability. Sinceof specialinterestarethemethodsthatrequireonly one F�� decomposition

of �

�


�
��

�

� �

6

perstep,weconsiderthecasewhen �

�&�;�

�

���	�

� .

For theadjointcomputationswehave from (3.2),(3.3):

�
�

k �

�

c
6

�

�

�

�

� �

6

�D�

�

�

6

�

c
6

Q

k �!���
�

�

�

)

�

�

�

� �

6

���
�

�

�

(3.5)

�
�

k �

�

c
6

�

�

�

�

�

�

�	�

�

k �

�

c
6

��� � �

�

�




�

�

�

k �

�

c
6

��� �

�
�

�

6

�

c
6

Q

k �

�

���

�

�

)

�

�

�

� �

6

���

�

�

�

where �
� is theJacobianevaluatedat c

6

��� k � , andthe terms ��� �

�

�

c�

Q

k �
�

� '

� )

�




are

� Q �

matriceswhose� columnis �����

�

�

c�

�

� k �

� '

� )

�




. We wantto stressherethefactthat

�������	� ��

�����	����������������������� �"! �������	�
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thesematricesarenotsymmetricandwewill returnto thecomputationof thesetermslater.

Using(3.4,3.5),for anarbitraryseedvectoru
, 0

�

wehave:

� �

c�

�

c
6 �

�

u � u �

�

�

�

� �

6

� �

�

�

6

�

c
6

Q

k � ��� �

�

�

)

�

�

�

� �

6

��� �

�

�

u �

�

�

�

�

�

�

�	�>�

�

k �

�

c
6

���

�

� �

�

�




�

�

�

k �

�

c
6

��� �

� �

�

6

�

c
6

Q

k �

�

� �

�

�

)

�

�

�

� �

6

���

�

�

�

u

Step1. Solvefor v thelinearsystem�

�

�

�

�

� �

6

�

�

v � u . Then,

� �

c�

�

c
6 �

�

u � u �

�

�

�

� �

6

� �

�

�

6

�

c
6

Q

k � ���

� v �

�

��� �

�

v �

�

�8�

�

k �

�

c
6

���(� � � �

�

�




�

�

� v

�

�

�8�

�

�

6

�

c
6

Q

k �b��� v (3.6)

Step2. Compute�

� �

�

�

�

�

� v ���

�

�;� �

�

�

�

���

�

v. Using(3.5)wegetnext:

Step3. Solvefor � thelinearsystem�

�

�

�

�

� �

6

�

�

�L�

�

� .

After replacingin (3.6),it results:

� �

c�

�

c
6 �

�

u � u �

�

�

�

� �

6

�D�

�

�

6

�

c
6

Q

k � ���

� v �

�

�

�

� �

6

� �

�

�

6

�

c
6

Q

k �����

�

�

�

�

�8�

�

�

6

�

c
6

Q

k ����� v

andafterarrangingthetermsweobtain:

Step4. Compute � �

c


�

c�
�

� u �

u �

�

� �
�

6

�

�

� v �������D�

�

�

6

�

c
6

Q

k �!�
�

�

�

� v �������

�

�8�

�

�

6

�

c
6

Q

k ���
� v (3.7)

We now focus on the termsof the form �����

�

�

c�

Q

k �

�

v whoseevaluationdominatethe

computationalcost of the algorithm given by Step1­4. Here k
�

v
, 0

�

are arbitrary

constantvectors.For the
'

componentwehave:

�

�

�

�

6

�

c
6

Q

k ��� v �

�

�

�
�

�

6

�

c�

6

k �

�

v � k �

�
�

� �

�

6

v �

�

c�

6

�

�

�
�

� �

�

6

v �

�

c�

6

�

�

k (3.8)

Considernow the function � �

0

�

 

0

�

�

� � c
6

� � �

�

6

v . Observe that the Jacobian

matrixof � is symmetric.We have

� � c
6

�`�

�

�

�

�

�

�

�

6
	��

�

	

��


v �

�


 
�


�

�

�

�

�

�

�

6�	��

�

	 �




v �

�

�

�������	� ��

�����	����������������������� �"! �������	�
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whichgivesfor the(i,j) entryin theJacobianmatrix :

�

�8�<� c
6

�

�

c
�

6

�

�

�

�

�

�

�

�

�

�

�

�

c�

6

�

c
�

6

�

v �

�

�

�

�

�

�

�

���

�

' �

� � v �

where
�

� �

is theHessianmatrixof thefunction �

�

�

0

�

 

0

.

Then ���

�

c� 


�

c�

�

�

�

�

�

�

�

� �

v � , so ���

�

c� 


�

c�

is symmetric.Usingnow (3.8) it results:

�

�

�

�

6

�

c
6

Q

k � � v � �

�

�

� � c
6

�

�

c
6 � k (3.9)

ii) Implementationof the adjoint code. The forward integrationof problem(3.1) using

implicit methodstogetherwith theperformanceanalysisisgivenin [25, 26, 31], proving that

whenthe sparsityof the systemis ef�ciently exploitedRosenbrockmethodsoutperform

traditional explicit methodslike QSSA and CHEMEQ. Implementationis done in the

symbolic kinetic preprocessorKPP environment[8] which generatesthe sparsematrix

factorization F�� requiredin (3.2, 3.3) with a minimal �ll­in [24] and the routine to

forward­backward solve the linear systemswithout indirect adressing.Onestepof the

adjointcode( from
�

� to
�_6

) requiresa forwardrun from
�<6

to
�

� givenby the formulas

(3.2­3.4)followedby thepureadjoint computationsgivenby Step1­4. It is importantto

noticethatthe F � decompositionaccountsfor mostof theCPUtimeof thecode,andthere

is noneedto repeatit duringthepurebackwardintegration.

With the F � decompositionof �

�

�

�

�

� �

6

� availablefrom(3.2),Step1reads: �

�

F

�

v � u.

A new loop freeroutineis generatedby KPPfor forward­backwardsolvingthissystemin

sparseformatavoidingindirectaddressing.Thecomputationalcostof Step1,3canbethen

comparedwith thecorrespondingpartfrom (3.2)and(3.3).

Step2 requiresevaluationof the product �

�

�

v which is automaticallycomputedby KPP

usingsparsemultiplications.Thisintroducessomeextrawork ( � � isevaluatedatc
6

� � k � ),

but its costis relatively cheap.Theef�ciency of theadjointcodeis thendominatedby the

implementationof Step4, givenby theformula(3.7).

�������	� ��

�����	����������������������� �"! �������	�
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Using(3.9),wecanrewrite (3.7)as:

���

c�

�

c
6 �

�

u � u �

�

��� ��� c
6

���

� �

� � � c
6

�

�

c
6 � k �`�

�

�

� �

� �8� c
6

�

�

B�6 � k � (3.10)

with � �

�

� � �

0

�

 

0

�

�

� ��� c
6

�(� �

�

6

�

�

� v � ���

�

� � � c
6

�`� �

�

6

v.

In (3.10)we have thento computethe � �

B

��


'

�

�


 �

�OB��

��� productsfor thefunctions�#�

�

� �

whichcanbedoneby ������� ���

�

automaticdifferentiation[2, 13] of thefunctionsgenerated

via KPP. Thecostis then2­3 timesthecostof evaluating� ��� c
6

�

�

� ��� c
6

� andremainslow

dueto thesparsestructureof �

6

. Automaticdifferentiationfor � � providesalsothevalue

� ��� c
6

� , sothereis noneedto computeit separately. Lastbut not least,thesecomputations

areindependentallowing parallelimplementation.

4. PERFORMANCE AND VALID ATION OF THE ADJOINT ALGORITHM

The algorithm and implementationpresentedin Section3 have the bene�t that the

adjoint codeof the chemistryintegration is generatedcompletelyautomatically, taking

full advantageof the sparsityof the system. This allows the userto easilymove from

onemodelto anotherandmakesit very attractive comparedwith thehandwritten codes

which constructionfor largemodelscanbea dif�cult process.Moreover sincesymbolic

computationsareused,roundingerrorsareavoidedandthe accuracy of the resultsgoes

up to the machineprecision. Implementationin the KPP context hasalsothe advantage

that avoids the introductionof auxiliary adjointvariableswhich hasdirect impacton the

performanceof thecodebothin termsof memoryusageandCPUtime.

As a particularcasewe considerthe2
�

V

order2­stageRosenbrockmethod
0��@*




which

is obtainedfrom (3.2­3.4)by taking � �

�

�

�



� �

�

�

� �

�
�

2

�

�

� �

�
�

�

�

�

. Choosing

�

��)

�

)����




themethodisL­stableandthenumericalexperimentspresentedin thissection

wereperformedwith �

� )%� )����




. Thesuperiorstability, positivity andconservation

propertiesof this schemeareanalizedby Verweret al. [31] who reportsgoodresultsin

thecontext of varioustypesof operatorsplittingevenwhenlarge�x edstepsizes(10 to 20

min.) areused.
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i) Thebox model. In order to test the performanceof the implementationwe consider

�rst a box modelfor theproblem(1.1). Thechemistrypart is basedon theCarbonBond

MechanismIV (CBM­IV, [12]) with 32 chemicalspeciesinvolved in 70 thermaland11

photolytic reactions. The dataassimilationproblemis set using the “twin experiments

method”,with the backgroundterm droppedandthe logarithmicform of (1.3). Taking

the logarithm of the concentrationshas the advantagethat the positivity constraintis

eliminatedand scalesthe system. The minimizationroutineusedis the Quasi­Newton

limited memoryL­BFGS algorithm[4, 5], anticipatingextensionto large scalemodels.

The initial concentrationsfollow the urbanscenarioasdescribedin [25], with an initial

concentrationof 70ppbfor O3. Assimilationstartsat thebeginningof thethird day(6:00

LT) over a period of 6 hours,with measurementsprovided every 15 minutes. As the

initial guessfor the concentrationswe choosethe valuesat the beginning of the second

day. The oneday periodis introducedin order to allow the systemto equilibrate. The

integrationis restartedevery15 minuteswith a minimumstepsizeof 1 sec.,simulatingan

operatorsplittingenvironment.With theabsoluteandrelativetolerances�

�

������) molec.,

0 �

���`� �

�

� ) , thenumberof intermediatestepswithin a 15 min interval rangesfrom 5 to

12, providing a relatively shortforwardtrajectory. Two experimentswereperformed:in

Run1 measurementswereprovidedfor ozoneonly andin Run2 for ozoneandNO2. The

resultsof the assimilationfor O3, NO2, andNO areshown in Figure1. It canbe seen

thatmodelpredictionsarehighly improvedevenaftertheendof theassimilationwindow

(12:00LT), andintroducingNO2measurementsis of bene�t notonly for theNO2andNO

analysis,but alsofor theO3analysis.However, sinceadditionalconstraintsareintroduced,

this increasesthenumberof iterationsin theoptimization(TableI).

As analternativeway to computethegradientswe usethesecondordercentraldifference

formula[1] with �\���




�


 


Q

)�� �

�

�!�

���

2

. Figure2(left Run1,rightRun2)showstherelative

andabsolutedifferencesbetweenthecomputedgradientswith respectto someimportant

speciesin themodel. Sincein thecontext of stiff computationsanda long trajectorythe

roundoff errorscanhighly affect the accuracy of the differenceschemes,we alsoshow

�������	� ��

�����	����������������������� �"! �������	�



ADJOINT IMPLEMENTATION OF ROSENBROCK METHODS 13

in Figure3 the correspondingresultsfor assimilationwith only onemeasurement,at T

= 6:15LT, togetherwith the computedgradients.In average8 to 10 signi�cant digits of

thegradientsarematched(when �

�

is nearlyzero,therelative errorsizein thegradient

approximationfor differenceschemesmaybecomevery large[1]).

For consistency with the implementationfor large scalemodels,where the storageof

the entire trajectoryis not a realisticoption, a checkpointingschemeis appliedfor the

gradientcomputations.First, a full forward run is usedto storethe statesof the system

at the measurementmoments. Second,during the backward integration,a full forward

run storesthetrajectorybetweenmeasurements(seeSection1) andinformationaboutthe

stepsizeused.Third, thecomputationsgivenby Step1­4 in Section3 areperformed(pure

backwardintegration).Observethatthenumericalvaluesof k �

�

k � arestill required.These

recomputationsmaybeavoidedbystoringall k � duringthesecondforwardrun,but thiswill

doubleitsstoragerequirements.Wepreferto repeat(3.2)tocomputek � , thenavoid (3.3)by

setting
�

� k �	� c�[� c
6

�

�

� k � in (3.10).Thetechnicalreportof theoptimizationprocess

is outlinedin TableI (Run1,2). We denoteby KPP­ADtheimplementationof theadjoint

codeusingthe KPP generatedadjoint routinesandforward automaticdifferentiation. It

canbeseenthattheaverageratiobetweentheCPUtimerequiredto computethegradient

(andcostfunctionvalue)andtheCPUtimeof a forwardrun is lessthanfour, whichmakes

our implementationveryef�cient.

As analternativeway for automaticadjointcodegeneration,weappliedtheadjointmodel

compilerTAMC [13, 14] to (3.2­3.4)usingthesamecheckpointingscheme.In particular,

wenoticedthattheadjointcompilerfailsto generateanef�cient adjointcodefor thesparse

Jacobianand chemistrycomputations.The timing resultsincludedin Table I (TAMC)

were obtainedwith signi�cant user intervention in order to improve the ef�ciency for

sparseadjointcomputations.

ii) Application to a 1­D problem. We considernow a one dimensionalhorizontaltest

problemcorrespondingto (1.1). The wind �eld and the diffusion coef�cient are taken

constant,
 � ) � km/hour (left­to­right), � � ) � �

2

Km �

� sec. Secondorder Strang

�������	� ��

�����	����������������������� �"! �������	�
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splitting is applied:

B

�

� ���

���`� Y@Z

�

�

���




�

�

�




�
Y@^\�

� � �

�#� Y@Z

�

� � �

�




�

B

�

� �

�

with asplittinginterval
� ���

� �

���

��)�� min. Theadvectionoperatoris discretizedusinga

limited
�

� )���� upwind�ux interpolationaspresentedin [16], andthediffusionoperator

usingcentraldifferencesformula.Togetherthey de�ne Y Z . Thenumericalmethodde�ning

Y@Z is theexplicit trapezoidalrule. Concentrationsarekeptconstantat the left boundary

(x=0) andat the right boundarywe consider
�

c
�

�

� � . For a full descriptionof thespace

discretizationthe readershouldconsult[23]. With thespatialdomain[0,500] Km anda

uniform grid �

�

��� Km, thedimensionof thecorresponding(1.2)problemis 3200. A

highly pollutedregion is consideredbetween200and300Km, with initial concentrations

andemissionsasfor theurbanscenarioandfor therestof thedomainrural concentrations

andemissionsareprovided[25]. Interpolationis donebetweenthecenter(250Km) and

theurbanlimits. In orderto allow thesystemto equilibrate,box models(chemistryonly)

areintegratedfor onedayoverthewholegrid. Theresultsarethe“true” initial conditions,

c���

�

6

. “Measurements”arethengeneratedevery 15 min by a 6 hourstransport­chemistry

run. Figure4showsthespatialdistributionof thereferenceconcentrationsatthebeginning

(6:00 LT) andat the end(12:00LT) of the assimilationinterval for O3 andNO2. First

guessinitial concentrationsaregeneratedsimilar to c ���

�

6

, but with anuniform injectionof

0.1ppb/hourover therural areaand0.5 ppb/hourover theurbanareaof H

�

J duringthe

box modelsintegration,which accountsfor anerror in emissionestimates.Assimilation

startsat6:00LT overa six hourinterval, with measurementsfor ozoneevery15min. and

for NO2 eachhour, at all grid points. A checkpointingstrategy is appliedfor thegradient

computations.First, a full forwardrun is usedto storethestatesof themodelaftereach

operatorsplitting interval. Second,for the backward integration, a forward run stores

the stateswithin a splitting interval (1 + all chemistrysteps). Third, the purebackward

integration is performed,wherethe intermediatestateswithin transportand within the

chemistrystepsneedto beprovidedby a simpli�ed forwardrun. Theadjointpartof the

�������	� ��

�����	����������������������� �"! �������	�
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advection­difussionequationsis automaticallygeneratedusingTAMC. Thecomputational

schemefor onesplit interval is describedin Figure5. Theperformanceof theoptimization

processis givenin TableI (Run3, KPP­AD) andtheassimilationresultsarepresentedin

Figure6. We noteherethattheprevioustiming resultsfor theadjointcodearerecovered,

con�rming thesuccessof theimplementation.Theresultsobtainedwith TAMC appliedfor

full transport­chemistryadjointcomputationsarealsoincludedin TableI (Run3, TAMC).

5. CONCLUSIONS AND FURTHER WORK

Thedevelopmentof powerful computingmachinesin thepastdecademadethevariational

dataassimilationtechniquefor large scalemodelsan intensive explored area. With a

dimensionof the systemsof order )�� � any attemptto provide the gradientof the cost

function usinga direct method(�nite differences,solving the sensitivity systems)is not

feasible,andtheadjointapproachisanattractivealternative. In thecontext of stiff chemical

equationsexplicit integratorsmaytakeprohibitivesmallstepsize(or justfail), whichhighly

affectstheperformanceof theadjointcode.

While several adjoint modelsfor explicit or semi­implicit numericalmethodshave been

constructed,implementationof implicit methodsremainsa delicateproblem. In this

paperwe introducedthe adjoint computationsandan ef�cient implementationof the 2­

stageRosenbrockmethodswhich is suitablefor automatizationandparallelcoding. The

algorithmandthepropertieswedescribedcaneasilybegeneralizedto ��� stagemethodsand

it is of interestto analysehow thisimplementationcanbeextendedto implicit Runge­Kutta

methods[15]. Furtherwork includestestingon comprehensive models,implementation

in thecontext of W­transformationanddifferenttypesof operatorsplitting aswell asthe

possibilityto useapproximategradients.
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Figurecaptions

Fig.1 Assimilationtakesplacefrom 6 to 12 LT; left Run1, right Run2. Solid line with

dots=true;solid line = assimilationresult;dottedline= �rst guess.

Fig.2Absolute(solidline) andrelative(dottedline) differencesbetweenthecomputedgra­

dientsusingthecentraldifferenceformulaandautomaticadjointcomputations.Left­Run

1, right­Run2.

Fig.3 Absolute(dashedline) andrelative (dottedline) differencesbetweenthecomputed

gradients(solid line) usingthecentraldifferenceformulaandautomaticadjointcomputa­

tions. Left­Run1, right­Run2. To reducetheroundoff errorsa shortinterval (15 min) is

considered.

Fig.4 Spatialdistribution of the referenceconcentrationsfor O3 andNO2. Solid line =

initial(LT=6:00),dottedline = �nal (LT=12:00)

Fig.5Computationalschemeof theadjointcodefor onetimesplit interval. Concentrations

arestoredaftereachstepduringtheforwardintegration,thenloadedfor theadjointintegra­

tion. Additionalpartialforwardcomputationsarerequiredduringtheadjointintegration.

Fig.6Assimilationresultsatsomerepresentativepointsfor eacharea.FirstlineO3,second

NO2, third NO. Soliddots=truesolution,solid line= assimilationresult,dottedline= �rst

guesssolution.
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TABLE I

Performanceof the optimization processand the adjoint code
�

.

� cpu/iter(sec) � cpu
���������
	

� cpu
���
	

Run Iter.
�

­eval. � cpu
���
	

(sec) KPP­AD TAMC KPP­AD� TAMC �

�

(it.0) �

�

(it.end)

1. 27 32 0.017 0.35 0.42 3.66 7.71 1.e5

2. 32 38 0.017 0.36 0.44 3.71 7.75 2.8e3

3.
 34 34 2.05 8.32 16.6 3.65 7.69 1.e2

�

All the computationsweredoneon a HP­UX B.10.20A 9000/778machinewith level 2 optimization. � The

timeto read­writedatato �les is notconsideredfor theseratios. 
 Simpli�ed recomputationsfor theadvection­

diffusionpartaretakenduringthebackwardintegration(seeFig. 5).
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