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Ab st r act . The protein docking problem is to predict the struc ture of
protein-protein complexes from the struc tures of individual proteins. It
is believed that shape complementarit y plays a dominant role in pro-
tein docking. Recent ly, it has been shown empirically by Bespamayt -
nikh et al [4] that the shape complementari ty (measured by a score
functi on) is su�c ient for the bound protein docking problem, in which
proteins are taken direct ly from the known protein-protein complex and
reassembled, treati ng each protein as a rigid body. In thi s paper, we
study the shape complementarity measured by their score functi on from
a theoretical point of view. We give a combinatorial characterizat ion of
the docked con“g urat ion achieved by the maximum score. This leads to
a simple polynomial t ime algorithm to “nd such a con“g urat ion. The
arrangement of spheres inspired by the combinatorial characterizat ion
plays an essent ial role in an e�cien t local search heurist ic of Choi et al [7]
for rigid protein docking. We also show that our general idea can be used
to give simple algorit hms for some point pattern matching problems in
any dimension.

1 I nt ro duct ion

Protein-protein docking problem is one of the current challenges in computa-
t ional structural biology. In this problem, we are given two protein molecules
which are known to dock with each other, the problem is to “nd the con“g u-
ration of the docked protein-protein complex. SeeFigure 1 for an illustr ation.
A recent survey can be found in Mendez et al [14]. The generalproblem is far
from being solved as the physical chemistry of protein-protein interactions is
not well understood and the conformational space is high dimensional because
proteins undergo conformat ional changes upon binding. There are no known
computationally feasible methods to perform conformat ional searches during
docking. Hence researchers often start with bound protein docking problem in
which proteins are taken directly from the known protein-protein complex and
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F ig. 1. Given two proteins shown on left, the protein docking problem is to predict the
docked con“g urat ion as shown on right.

reassembled. In this casethe proteins are tr eated as rigid bodies, i.e., we assume
that they do not undergo changesupon interaction as in the real (unbound) case,
limiting the dimensionalit y of search space to six …thr ee for tr anslat ions and
thr ee for rotations. The protein docking problem with the rigidit y assumption
of proteins (not necessarily taken directly from the protein-protein complex) is
known as rigid protein docking problem. Thus bound docking is a special caseof
rigid docking. E�cien t rigid docking algorithms are useful because most of the
conformat ional change on docking is believed to be small (or at least this has
beenand cont inuesto be the assumpt ion of most current research) [15].

For the bound protein docking case, it is believed that geometric comple-
mentarit y alone is su�cien t to solve the problem [15]. This is formalized using
the not ion of score, i.e., the shape complementarit y is measured by certain score
functions and the docked con“g urat ion is assumedto correspond to the one max-
imizing the scorefunction. Many di� erent score functions have beenusedin the
literature, e.g. Fast Fourier Transform-based[12], Geometric Hashing-based [9],
with varying degreesof successin that the near correctly docked con“guration
is generallyamongsomenumber of top score con“gurations (and not necessarily
the highest score con“gur ation). Recently , in Bespamaytnikh et al [4], it was
shown empirically that the highest scorecon“ guration was always the near cor-
rectly docked con“g urat ion. Their score function (to be de“ned below; a similar
scorefunct ion was usedby Chen et al [6] which wasalsoshown empirically to be
quite successful) approximates van der Waals force. This is consistent with the
belief that the van der Waals (vdW) forceslead to surfacecomplementari ty [5].
In this paper we study this score function from a theoretical point of view. We
give a combinatorial characterization of the docked con“ gurations achieved by
maximum score. This also leads to a simple polynomial-time algorithm to “nd
such a con“g urat ion. The algorithm is not practical due to high running time.
However, the arrangement of spheres inspired by the combinatorial characteriza-
tion plays an essent ial role in an e�cien t local search heuristic for rigid protein
docking [7].

The rest of this paper is organized as follows. Section 2 contains de“ nit ions,
in section 3 we giveour combinatorial characterization of docking con“ gurations,
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in section 4 we usethis characterizat ion to obtain a docking algorithm, sections 5
and 6 contain some applications, we conclude with a brief discussion in section 7.

2 Problem Stat ement

A protein molecule consists of a set of atoms, each of which is represented by a
ball (a solid sphere) in R3. Let A = { � 1, . . . , � n } , where � i = ( ai , r i ) speci“es
the i th atom of protein A with center ai � R3 and radius r i (which is Van
der Waals radius in �A). Denote the corresponding sphere by � (ai , r i ). Similarly,
protein B = { � 1, . . . , � m } where � j = ( bj , sj ) speci“es the j th atom of protein
B. Our proteins are rigid: So the distance betweenany two atoms in a protein
remains constant . There are “ ve typical atom types found in a Protein Data
Bank (PDB) “ le and is shown in the following table:

At om Type C N O P S
Radius in Angstro m 1.548 1.400 1.348 1.880 1.808

Fix the con“g urat ion of A , we want to move B (using rigid motion) towards
A such that the transformed B best complements A , where the complementarity
is measured by the score de“ned below. For � = ( a, r ) � A , � = ( b,s) � B ,

score(�, � ) =
�

1 if r + s � | |a Š b|| � r + s + �,
0 otherwise.

bump(�, � ) =
�

1 if r + s > ||a Š b||,
0 otherwise.

where || · || is the Euclidean distance and constant � = 1 .5 (�A). De“ne score(A ,
B) =

� n
i =1

� m
j =1 score(� i , � j ), bump(A , B) =

� n
i =1

� m
j =1 bump(� i , � j ). That

is, score(A , B) counts the number of atom pairs within a distance cuto� � .
bump(A , B) counts the number of atom pairs colliding . In [4], it was shown em-
pir ically by exhaustive search, which consistsof a sampling of rigid motion space
and evaluat ing each rigid motion using the score function, that the con“g urat ion
corresponding to the maximum score and bump � � (constant � = 5 ) is always
near the correct docked con“g urat ion (measured by root-mean-square-distance).
So our rigid docking problem for the above speci“c score function is: Fix the
con“g urat ion of protein A in R3, the goal is to “ nd a rigid mot ion p of protein B
such that score(A , p(B)) is maximized and bump(A , p(B)) � � , where constant
� = 5 .

It is easy to seethat the above setting makes sensefor Rd in general …by
tr eating A and B as sets of balls in Rd, and our characterizat ion also work in
this more general setting.
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3 Combinat or ial Charact er izat ion

Fix the con“g urat ion of A in Rd (we are mostly interested in d = 2 , 3), let C
be the space of all rigid mot ions of B. For example, for d = 3 , C = R3 × SO(3)
(R3 for t ranslations and SO(3) for rotations). Each point (r igid motion) p � C
corresponds to a con“g urat ion of B, denoted by p(B).

If a rigid body is allowed to move in some restricted way, then the dimension
of the spaceof the motion of that body is known as its degree of freedom (DOF).
So, for example, a rigid body in R3 has 6 DOFs. In general, thereare d(d+ 1 )/ 2
DOFs for a rigid body in Rd. In the Robot Mot ion Planning communit y, C is
called the con“g urat ion space of B and each point p � C is a con“g urat ion of
B, while p(B) is called the placement of B (and denoted by B(p)). See,e.g., [13]
and referencestherein for background on thesenot ions including DOFs.

We de“ne an equivalence relat ion on C: p � C is equivalent to q � C i�
score(� i , p(� j )) = score(� i , q(� j )) and bump(� i , p(� j )) = bump(� i , q(� j )) for all
� i � A , � j � B . Call the decomposit ion of C by the equivalenceclasses(called
cells) t he arrangement � (A , B) of C. Note that our cells are not necessarily
connected. By the de“nitio n of a cell, the score and bump of all con“g urat ions
in a cell are the same. Hence we can talk about the scoreand bump of a cell.

For ease of exposit ion, we assume henceforth that the balls in B all have
the same radius s (generalizat ion to include the case where radii may be dif-
ferent easily follows). Observe that for two balls (a, r ) � A and (b,s) � B ,
score((a, r ), (b,s)) = 1 �� r + s � | |a Š b|| � r i + s + � �� b lies on the
annulus formed by spheres � (a, r + s), � (a, r + s + � ) as shown in Figure 2. Let
Gs(A ) = { � (ai , r i + s), � (ai , r i + s + � ) : � (ai , r i ) � A } the set of two enlarged
spheres corresponding to each ball in A .

a sr

F ig. 2. The three circles in the “g ure have radii r , r + s, r + s+ � . scor e((a, r ), (b,s)) =
1 �� r + s � | |a Š b|| � r + s + � �� b lies on the shaded region.

The assumption above that the balls in B all have the same radius a� ords a
somewhat more intuitiv e pictur e of the arrangement � (A , B): A cell in � (A , B)
is de“ned by assigning to each center bi of balls in B a cell � i in the arrangement
of spheres in Gs(A ) (this arrangement should not be confused with � (A , B))
and consists of p � C such that p(bi ) � � i for all i . This is the way we will think
about � (A , B).
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We have to deal with one technical issue.The boundary of a cell can be
complicated in the sense that it may be open at some places and closed at
others. Our goal will be to “ nd a representative point for each cell, but the
procedure that “nds this point guaranteesonly that the point lies in the closure
of the cell. This causesthe problem that a point may belong to more than one
such closuresand cannot be used to uniquely characterize a cell. This problem
can be resolved by making two copiesof each spherein Gs(A ), slight ly enlarging
one of them and shrinking the other, and appropriately de“ning the cells.Under
this new de“nitio n cells are closed sets and their boundaries are disjoint. We
omit the tedious details. To simplify matter s, in this paper we will just deal with
the closures of cells.

We need some more de“nitio ns. For given A and B and p � C , a contact-
constraint on con“g urat ion p(B) is speci“ed by the center b of a ball (b,s) � B , a
sphere � of Gs(A ) and the conditio n that p(b) lie on � . Also, we slight ly abuse
the de“nitio ns by saying a contact-constr aint is satis“ ed by a rigid motion p if
the corresponding con“g urat ion p(B) sat is“es the contact-constraint .

We assumethr oughout that A and B are in general position. We say that A
and B are in general posit ion, if no set of more than d(d+1 )/ 2 contact-constraints
is satis“a ble by any rigid motion in C. This is a natural assumpt ion, as we expect
one constraint to reduce DOF by one, and so if we have more constraints than
available DOF, then we can no longer satisfy all of them. This assumption can
be ascertained by applying small perturbation to the posit ions of the centers of
balls.

The orem 1. Let A and B be two sets of balls in Rd in general position, and
let � (A , B) be deÞned as above. Then for any F � � (A , B), there is a set S
of k � d(d + 1 )/ 2 contact-constraints such that the rigid motions corresponding
to the conÞgurations sati sfying them form 2O(d3 ) connected components, and at
least one of the components is contained in the closure of F .

Proof. Fix a cell F � � (A , B). Let p be a point in F such that p(B) sat is“ es
the maximal number of contact-constraints. Denote by S the set of contact-
constraints; by CenterS the set of centers of balls in B involved in contact-
constraints in S; and SpheresS the set of spheres in Gs(A ) involved in S. By
our general posit ion assumpt ion we have |S| � d(d + 1 )/ 2 and thus |CenterS | �
d(d + 1 )/ 2 and |SphereS | � d(d + 1 )/ 2.

Each contact-constraint in S amounts to an equation of degree2 of a sphere
in SphereS in the variables corresponding to the coordinates of somecenter in
CenterS . Con“g urat ions satisfying the contact-constraints in S can be found by
solving a system of equat ions including contact-constraints equat ion and centers
distance equations(becauseB is rigid). Denote by SolutionS the set of solutio ns
to the system of these equations.

Now the theorem of Oleinik-Petrovsky/ Thom/ Milnor (see,e.g. [3]) from real
algebraic geometry asserts that the number of connectedcomponents of the set
of solut ions to a system of equat ions of degree� D in v variables is bounded
above by D(2D Š 1)vŠ 1. In our case, D = 2 and v � d · d(d + 1 )/ 2 (the number



290 Vicky Choi and Navin Goyal

of centers whosecoordinatesappear in the equations is � d(d + 1 )/ 2, and each
has d coordinates, hencethe bound on the number of variables). So the number
of connectedcomponents in SolutionS is � 2O(d3 ) .

Let the set of rigid motionssuch that the corresponding con“g urat ionssatisfy
the contact-constraints in S be MotionS . We claim that the number of connected
components in MotionS is the same as that i n SolutionS . Elements in SolutionS

provide values of the coordinates of the centers in CenterS , and from these we
can obtain the set of rigid motions whose corresponding con“g urat ions satisfy
the constraints. Given the coordinates of the centers in CenterS we may have
two cases: (1) These are su�cien t to determine a unique rigid motion. (2) We
still have some degreeof freedom left and we can “ nd a set of rigid motions on
each of the corresponding con“g urat ion the coordinates of the centers take on
the given values;call this set of rigid motions the imageof the given element in
CenterS . It is clear that in the “ rst case,the number of connected components
in MotionS is the same as that in SolutionS . For the secondcase,note that given
some (valid) values of coordinatesof centers in CenterS , its image is connected.
E.g, if we “ x two points of a rigid body in R3 then the remaining motion is just
the rotat ion around the line connecting the two “ xed points; theserigid motions
form a connected subset. Therefore, the image of any connected component of
SolutionS in MotionS is alsoconnected.So the number of connectedcomponents
in SolutionS is the same as that in MotionS .

Denote the component of MotionS containing p by P. We claim that P is
contained in the closure of F . Suppose not , i.e. there exists p� � P \ cl(F ) and
there is a path connecting p and p� within P. Consider a point q where this
path crossesa component of F . The reasonthe path gets out of the closure of
F is that some center b in B gets out of its cell in the arrangement of Gs(A )
by crossingsome sphere� . The contact-constr aint that b lie on � is not in S,
becauseit is not always satis“ed in P, in part icular on some points of the above
path. So at point q, which is in the closure of F , we have contact-constraints in S
and one extra contact-constraint satis“ ed. But this contradicts the maximality
assumption. HenceP must be contained in the closure of F . ��

The theorem above says that any cell in � (A , B) can be almost uniquely
characterizedby a set of contact-constraints in the sense that at leastone of the
small number of connected components formed by the con“g urat ions satisfying
thesecontact-constraints is in the given cell. While the above proof may appear
somewhat abstract, the principle behind it is quite intuitiv e, which is illustr ated
below by an example in R2.

Ex ample in R 2 . As ment ioned above, for each cell F � � (A , B), we want
to “nd a point which has a simple descriptio n. This point will be found by
satisfying as many contacts between centers of the balls in B and circles in
Gs(A ) as possible while staying inside cl(F ), so that these (almost) uniquely
identify the cell. Let p � F and suppose that p(B) does not satisfy any contact-
constraints. Choose a direction to t ranslate p(B) so that the center b1 of some
ball of B hits a circle � 1 from Gs(A ). This is always possible(e.g. the direction
of the closest ball pairs). This t ranslation corresponds to a new point p� in C
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and it is not di� cult to see that p� � cl(F ). Next rotate p� (B) about p� (b1),
let p�� � C be the corresponding point in the con“g urat ion space (if any) such
that the center b2 of some ball in B hits a circle � 2 from Gs(A ). (Note: in this
example,we only considerrotating p� (B) around p� (b1) and we might not “nd a
second-contact, but it is possible that the second-contact does exist by a rigid
motion which movesp� (b1) to a di� erent posit ion on � 1, and then rotates p� (B).
Also, we only require (b1, � 1) �= ( b2, � 2), and it is possible that b1 = b2 (in this
casethe constraint is that b1 (= b2) is at an intersection point of � 1 and � 2),
and similarly it is possible � 1 = � 2 with distinct b1, b2.) Since B has 3 DOFs
in R2, and each conditio n of the above kind reduces one DOF (by a general
position assumption), henceB has one more DOF to move while preserving the
2 contact-constraints. One of the following three events happens in the course
of this rigid motion, each giving a set of contact-constraints. (1) One of the two
points b1 and b2 hits a vertex (an intersection point of two circles) in Gs(A ). (2)
A new point b3 in B hits a circle in Gs(A ). (3) None of the above. In the “ rst
two caseswe only have a constant number of solut ions, while in the last casewe
get a curve in the rigid motion space.

For general d, let h = 1
2 d(d + 1). Each cell in � (A , B) is characterized by

a system of contact-constraints as in Theorem1. Each such system of contact-
constraints is speci“ed by at most h spheres in A and h spheres in B. There
are a total O(mh nh ) possible systems of contact-constraints. From Theorem1,
each cell contains at least one connectedcomponent of some system of contact-
constraints. Sinceeach such system has at most 2O(d3 ) components, we have

Coro l lary 1. In Rd, � (A , B) has at most O(2O(d3 ) mh nh ) cells, where h =
1
2 d(d + 1 ).

4 T he A lgorit hm

In this section we describe our algorithm for “nding a maximum score con“g -
urat ion with bump less than a given threshold. We content ourselves with a
high-level description of the algorithm, as in its present form it is mainly of
theoretical interest.

Basic idea is simple: Enumerate all systems of contact-constraints which can
arise in Theorem 1. For each system of (at most d(d+ 1 )/ 2) contact-constraints,
it corresponds to a set of equations of degree2. Then we generatea point (the
coordinates of the centers) in each connected component of the solutions to the
system of equat ions. The generation can be done by one of the many avail-
able algorithms in real algebraic geometry, see for example Chapter 11.6 of [3],
which takes t ime, in our situat ion, 2O(d3 ) . We then recover a rigid motion for
each solutio n, which corresponds to a point in each connected component of
the con“g urat ions satisfying thesecontact-constraints. This can be done in time
polynomial in d. Finally, compute the score and bump for each con“g urat ion.
Having examined all systems, take the one with the maximum score and bump
below the thr eshold. By theorem 1, this procedure will generate at least one
point in each cell in � (A , B), and thus will “nd the desired optimal solution.
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To analyze the running time, note that the number of constraint systems
that we examine is O(mh nh ), with h = 1

2 d(d + 1), and for each such system
we spend 2O(d3 ) time generating at most 2O(d3 ) points. For each of the corre-
sponding con“g urat ions p(B), we compute score(A , p(B)) and bump(A , p(B)).
Doing this in the obvious way takes t ime O(mn). Hence,the total time taken is
O(2O(d3 ) mh+1 nh+1 ).

In the following we will improve on this algorithm in R3 by making use of
a property sat is“ed by protein molecules.The following density property of the
spheres in a protein (and also in Gs(A )) was givenby [10]. It says that the atoms
in a protein overlap in a somewhat sparse fashion and do not crowd together.
For the sake of completeness,we include the easy proof; bound here is better
than in [10].

The orem 2. Let A = { � i = ( ai , r i ) : i = 1 , . . . , n} be a set of n spheres in
R3. Suppose there is a 	 > 0 such that ||ai Š aj || > 	 , 1 � i, j � n (i �= j ).
Then for any 1 � i � n, |{ � j � A : � i 	 � j �= 
}| � (4 r max

� + 1 )3, where
rmax = m axj =1 ..n r j .

Pro of. Since for any 1 � i, j � n (i �= j ), ||ai Š aj || > 	 , we have (ai , �
2 ) 	

(aj , �
2 ) = 
 . Consider � i � A , for any � j � A with � i 	 � j �= 
 , aj � (ai , r i + rmax ).

Thus, (aj , �
2 ) � (ai , r i + rmax + �

2 ). By volume argument, |{ � j � A : � i 	 � j �=


}| � ( � i .r + r max + �
2

�
2

)3 � (4 r max
� + 1 )3. ��

For the set of spheres in a protein (or Gs(A )), r max
� is a constant . That is,

each sphere with radius at most rmax intersects only constant ly many spheres
in the set. With this property, we can then use data structure of [10] to com-
pute the score and bump of each corresponding con“g urat ion in O(m) t ime (by
preprocessinga data str ucture using O(n) space in O(n) expected time for the
2n spheres of Gs(A )), and output a con“g urat ion with the maximum score and
bump � � . It is possible that there are more than one such con“g urat ions. For
the applicat ion to rigid protein docking this is not problemat ic in the light of
empirical resultsof Bespamaytnikh et al [4], which show that such con“g urat ions
are all very closeto each other.

Therefore, we have

The orem 3. Let A , B be two proteins (in general positi on) in R3 and the score
function deÞned as above. The docked conÞguration achieved by the maximum
score and bump � � can be computed in O(m6n6 min{ m, n} ) time.

This algorithm is not practical due to the high running time. However, the
arrangement of the spheres in Gs(A ) used in the algorithm has important ap-
plicat ions described in the next section.

5 A pplicat ions of t he A rrangemen t of Spheres

In this section, we describe two immediate applicat ions of the arrangement of
spheres in Gs(A ). It provides a useful representation of the complement of a
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protein; and second, it gives a simple way to ident ify surfaceatoms. Recall that
the arrangement of spheres in Gs(A ) decomposesthespaceinto regions(might be
disconnected) with scoreand bump constant in a region. By the above theorem
on the density property of spheres in Gs(A ), each sphere intersects with only
constant ly many other spheres and hencethere are only linearly many vertices
in the arrangement of spheres in Gs(A ). Again, by the same data structure as
in [10], we can compute the vertex set of the arrangement in O(n logn) t ime
implemented by binary search tree or O(n) expected time using randomized
perfect hashing, both with O(n) space. Also, we can compute the score and
bump of each vertex, and associate each vertex with the atoms which contribute
to the score, in extra O(1) t ime. In part icular, the bump-freevert ices(i.e. with
bump = 0) play an import ant role in an e� cient local search algorithm [7] in
that they describe discrete positions of the complement of the protein measured
by the score funct ion. SeeFigure 3 for an example of thesevert ices.

            

F ig. 3. The bump-free verti ces of protein A are shown by dots.

Another applicat ion of the arrangement of spheres is an easy and useful way
to ident ify •surfaceŽ atoms from • interiorŽ atoms. The set of surface atoms
is just the set of atoms associated with the bump-free vert ices. It is possible
that some of these atoms actually lie inside the molecule, and the bump-free
vertices associated to them are bump-freebecauseof holes in the molecule.For
applicat ions, we are generally not interested in such surface atoms. To identify
the set of surface atoms which are not inside the molecule we de“ne a graph on
the bump-freevertices such that two vertices are adjacent if they are close.Now
the vertices corresponding to the outer surfaceform a connectedcomponent in
this graph and this can be easily identi“ed. SeeFigure 4 for an example.

Our surfaceatom de“nitio n is tailored for usein rigid docking. To solve rigid
docking problem onecan restrict attent ion to thecon“g urat ionsfor which surface
atoms contr ibute to the interaction; the con“g urat ions for which interior atoms
contribute can be safely ignored. While the formal molecular surfacessuch as
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F ig. 4. The original protein (left) = surface atoms only (middle) + interior atoms
(ri ght).

solvent accessible surface ([10]), which involves comput ing the surfacearea, can
also be used to ident ify the surface atoms but they are much complicated to
compute [10].

6 A pplicat ion of Our Framework
to Point Patte rn M atching

Recently , Agarwal et al [1] considered using partia l shape matching under Haus-
dor� distance to measure the shape complementarity under t ranslation. Seethe
referencesthere for related liter ature on point patter n matching. An observation
somewhat similar to ours has beenmade by Alt et al [2] in solving a congruence
problem in R2. In the general d-dimensional version of this problem we are given
two sets A and B in Rd of n points each, and a number 	 . The goal is to decide
if there exists a one-one matching between the points in A and B and a rigid
motion p of B so that the maximum of the distance betweenthe matched pairs
in A and p(B)is at most 	 . The algorithm given in Alt et al [2] for d = 2 , which
consideredenumeratessetsof constraints of size 2, hasO(n8) t ime. They are not
able to generalize their algorithm to higher dimensions. Here we show how to use

our framework and results of [8] to get an algorithm with t ime
�
O (n7.5) in R2; an

O(n13+5 / 6+ � ) t ime algorithm in R3 (for any posit ive 
 ); and an O(nd(d+1)+2 .5)
t ime algorithm in Rd for d > 3.

Similarly to the algorithm in the Section 4, the present algorithm has two
parts: (1) Enumeration, and (2) testi ng. Algorithm enumerates a set of con-
straints, and for each such set it checks if the con“g urat ions satisfying these
constraints provide a positiv e answer. Enumerat ion part is very similar to our
previous algorithm; the testing part is done using bipart ite bottleneck matching.

We “r st describe the enumeration part which works for general d. We de“ne
the not ion of a constraint similar to the earlier one. Assumethat A is “xed. A
constraint on the con“g urat ion of B speci“esa spherewith center in A and radius
	 , and a point in B, and requiresthat this point lie on the given sphere. Denote
by G(A) the arrangement of Rd induced by spheres of radius 	 with centers in
A . We can decompose the con“g urat ion spaceof B into equivalenceclasses:Two
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con“g urat ions p(B) and p� (B) are equivalent if for all points b � B , p(b) and p� (b)
lie in the same cell of G(A). If the answer to the problem is yes then there is
a one-one correspondencebetweenA and B, and there is nonempty equivalence
class such that the con“g urat ions p(B) in it sat isfy: � b � B , p(b) is in the sphere
of radius 	 around the point of A matched to b. Denote this class by M . By
the arguments similar to those in the proof of Theorem 1, there is a set of at
most d(d + 1 )/ 2 constraints with the following property. At least one connected
component of the con“g urat ions satisfying theseconstraints is contained in M ,
and there are at most 2O(d3 ) connectedcomponents. The enumerat ion part is
now clear: We consider all possible sets of � d(d + 1 )/ 2 constraints; for each
such set we generate a point in each connectedcomponent of the con“g urat ions
satisfying the constraints in the set.

The testing part checks if a given con“g urat ion p(B) solves the problem.
We can do this using the bipartite bottleneck matching: Given two sets of equal
cardinalit y, the problem is to “nd a one-onematching betweenthem such that the
maximum distance (cost) betweenthe matched points is minimized. Clearly, for
our problem, if we have a con“g urat ion p(B) which is in M , then the bottleneck
matching betweenA and p(B) will havecost at most 	 . And also, if the answer to
our decision problem is no, then for all con“ gurations p(B), bottleneck matching
betweenA and p(B) will have cost more than 	 . In general, we can construct a
bipart ite graph with points in A on one side, and points in p(B) on the other
side, and two points on di� erent sides are connected if their distance is � 	 .
Then check if the bipart ite graph has a perfect matching. This can be done by
the algorithm of Hopcroft and Karp [11] in t ime O(v2.5) where v is the number
of vertices. There is a bottleneck matching between A and p(B) with cost at
most 	 i� the bipart ite graph hasa perfect matching. This givesan algorithm of
O(nd(d+1)+2 .5) t ime for general d. For d = 2 , 3, the bipartite bottleneck matching

problem can be solved more e�cien tly in
�
O (n1.5) t ime in R2, and O(n11/ 6+ � )

time in R3 (for any posit ive 
 ) by Efrat et al [8]. Thus, we have an algorithm of
�
O (n7.5) for d = 2 and O(n13+5 / 6+ � ) for d = 3 .

7 D iscussion

We have given a simple algorithm for rigid protein docking under the score
function of [4]. This algorithm is not practical due to high running time and
numerical issues.A natur al question is if it can be substant ially improved. Note
that we did not usethe protein density property in the analysis of the arrange-
ment . We believe that by using this property and by pruning the search space,
e.g. by excluding the con“g urat ions with large bumps from the enumeration, we
can get faster algorithms.
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