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Abstract

Čech complexes reveal valuable topological information about point sets ata certain scale
in arbitrary dimensions, but the sheer size of these complexes limits their practical impact.
While recent work introduced approximation techniques for filtrations of (Vietoris-)Rips com-
plexes, a coarser version ofČech complexes, we propose the approximation ofČech filtrations
directly.

For fixed dimensional point setS, we present an approximation of theČech filtration of
S by a sequence of complexes of size linear in the number of points. We generalize well-
separated pair decompositions (WSPD) to well-separated simplicial decomposition (WSSD)
in which every simplex defined onSis covered by some element of WSSD. We give an efficient
algorithm to compute a linear-sized WSSD in fixed dimensional spaces. Using aWSSD, we
then present a linear-sized approximation of the filteration ofČech complex ofS.

We also present a generalization of the known fact that the Rips complex approximates
theČech complex by a factor of

√
2. We define a class of complexes that interpolate between

Čech and Rips complexes and that, given any parameterε > 0, approximate thěCech complex
by a factor(1+ ε). Our complex can be represented by roughlyO(n⌈1/2ε⌉) simplices without
any hidden dependance on the ambient dimension of the point set. Our results are based on
an interesting link betweeňCech complex and coresets for minimum enclosing ball of high-
dimensional point sets. As a consequence of our analysis, we show improved bounds on
coresets that approximate the radius of the minimum enclosing ball.

1 Introduction

Motivation A common theme in topological data analysis is the analysis of point cloud data
representing an unknown manifold. Although the ambient space can be high-dimensional, the
manifold itself is usually of relatively low dimension. Manifold learning techniques try to infer
properties of the manifold, like its dimension or its homological properties, from the point sample.

An early step in this pipeline is to construct a cell complex from the point sample which shares
similarities with the hidden manifold. ThěCech complex at scaleα (with α ≥ 0) captures the
intersection structure of balls of radiusα centered at the input points. More precisely, it is the
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nerveof these balls, and is therefore homotopically equivalent to their union. Increasingα from
0 to ∞ yields afiltration, a sequence of nested Cech complexes, which can serve as the basis of
multi-scale approaches for topological data analysis.

A notorius problem withČech complexes is their representation: Itsk-skeleton can consist of
up toO(nk) simplices, wheren is the number of input points. Moreover, its construction requires
the computation of minimum enclosing balls of point sets; wewill explain this relation explicit in
Section 2. A common workaround is to replace theČech complex by the(Vietoris-)Rips complex
at the same scaleα. Its definition only depends on the diameter of point sets andcan therefore be
computed by only looking at the pairwise distances. Although Rips complexes permit a sparser
representation, they do not resolve the issue that the final complex can consist of a large number
of simplices; Sheehy [22] and Dey et al. [10] have recently adressed this problem by defining
an approximate Rips filtration whose size is only linear in theinput size. On the other hand,
efficient methods for approximating minimum enclosing balls have been established, even for high-
dimensional problems, whereas the diameter of point sets appears to be a significantly harder
problem in an approximate context. This suggests thatČech complexes might be more suitable
objects than Rips complexes in an approximate context.

Contribution We give two different approaches to approximate filtrationsof Čech complexes,
both connecting the problem to well-known concepts in discrete geometry: The first approach
yields, for a fixed constant dimension, a sequence of complexes, each of linear size in the number
of inut points, that approximate thěCech filtration. By approximate, we mean that thepersistence
diagramsof exact and approximatěCech filtration differ by a arbitrarily small multiplicativefactor.
To achieve this result, we generalize the famouswell-separated pair decomposition (WSPD)to a
higher-dimensional analogon, that we call thewell-separated simplical decomposition (WSSD).
Intuitively, a WSSD decomposes a point setS into O(n/εd) tuples. Ak-tuple in the WSSD can
be viewed ask clusters of points ofSwith the property that whenever a ball contains at least one
point of each cluster, a small expansion of the ball containsall points in all clusters. Furthermore,
these tuples cover every simplex with vertices inS, i.e., given anyk-simplexσ , there is ak+1-
tuple of clusters such that each cluster contains on vertex of σ . We consider the introduction
of WSSDs to be of independent interest: given the numerous applications of WSPD, we hope
that its generalization will find further applications in approximate computational topology. We
finally remark that, similar to related work on the Rips filtration [22, 10], the constant in the size
of our filtration depends exponentially on the dimension of the ambient space, which restricts the
applicability to low- and medium-dimensional spaces.

As our second contribution, we prove a generalized version of the well-known Vietoris-Rips
lemma [12, p.62] which states that theČech complex at scaleα is contained in the Rips complex
at scale

√
2α. We define a family of complexes, calledcompletion complexessuch that for anyε,

theČech complex at scaleα is contained in a completion complex at scale(1+ ε)α. These com-
pletions complexes are parameterized by an integerk; thek-completion is completely determined
by its k-skeleton, consisting of up toO(nk) complexes. To achieve(1+ ε)-closeness to thěCech
complex, we need to setk≈ 1/(2ε) (see Theorem 27 for the precise statement); in particular, there
is no dependence on ambient dimension to approximate theČech complex arbitrarily closely.

For proving this result, we usecoresetsfor minimum enclosing ball (meb) [3]: the meb of a
set of points can be approximated by selecting only a small subset of the input which is called a
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coreset; here approximation means that anε-expansion of the meb of the coreset contains all input
points. The size of the smallest coreset is at most⌈1/ε⌉, independent of the number of points and
the ambient dimension, and this bound is tight [3]. To obtainour result, we relax the definition of
coreset for minimum enclosing balls. We only require theradiusof the meb to be approximated,
not the meb itself. We prove that even smaller coresets of size roughly⌈1/(2ε)⌉ always exist for
approximating the radius of the meb. Again, we consider thiscoreset result to be of independent
interest.

Related work Sparse representation of complexes based on point cloud data are a popular subject
in current research. Standard techniques are thealpha complex[13, 14] which contains all Delau-
nay simplices up to a certain circumradius (and their faces), simplex collapseswhich remove a pair
of simplices from the complex without changing the homotopytype (see [1, 19, 23] for modern
references), andwitness approacheswhich construct the complex only on a small subset of land-
mark points and use the other points as witnesses [9, 2, 11]. Amore extensive treatment of some of
these techniques can be found in [12, Ch.III]. Another very recent approach [21] constructs Rips
complexes at several scales and connects them usingzigzag persistence[5], an extension to stan-
dard persistence which allows insertions and deletions in the filtration. The aforementioned work
by Sheehy [22] combines this theory withnet-trees[16], a variant of hierachical metric spanners,
to get an approximate linear-size zigzag-filtration of the Rips complex in a first step and finally
shows that the deletions in the zigzag can be ignored. Dey et al. [10] arrive at the same result
more directly by constructing an hierachicalε-net, defining a filtration from it where the elements
are connected by simplicial maps instead of inclusions, andfinally showing that this filtration is
interleavedwith the Rips-filtration in the sense of [6].

Outline We will introduce basic topological concepts in Section 2. Then we introduce WSSDs,
our generalization of WSPDs and give an algorithm to compute them in Section 3. We show how
to use WSSDs to approximates the persistence diagram of theČech complex in Section 4. The
existence of small coresets for approximating the radius ofmeb is the subject of Section 5.k-
completions and the generalized Vietoris-Rips Lemma are presented in Section 6. We conclude in
Section 7.

2 Preliminaries

Simplicial complexes Let Sdenote a finite set of universal elements, calledvertices1 A (simpli-
cial) complex Cis a collection of subsets ofS, calledsimplices, with the property that whenever a
simplexσ is inC, all its (non-empty) subsets are inC as well. These non-empty subsets are called
the facesof σ ; a proper faceis a face that is not equal toσ . Settingk := |σ |−1, where| · | stands
for the number of elements considered as a subset, we callσ a k-simplex. Observe ak-simplex
σ corresponds to a(k+1)-subset(v0, . . . ,vk) of S; these(k+1) vertices are called theboundary
verticesof k-simplex, and we will frequently identify the simplex and its set of boundary vertices.
A subcomplexof C is a simplicial complex that is contained inS. One example of a subcomplex

1The finiteness ofSis not necessary for all defined concepts; however, since we will only deal with finite complexes
in later sections, we decided to discuss this simpler setup.
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is thek-skeletonof a complexC, which is the set of allℓ-simplices inC with ℓ≤ k. Let K andK′

be two simplicial complexes with vertex setsV andV ′ and consider a mapf : V →V ′. If for any
simplex(v0, . . . ,vk) of K, ( f (v0), . . . f (vk)) yields a simplex inK′, then f extends to a map fromK
to K′ which we will also denote byf ; in this case,f is called asimplicial map.

Let the verticesSbe a set of arbitrary geometric objects, embedded in an ambient spaceRd. We
call |S| := ∪s∈Ss⊂ R

d theunion of S. We define a simplicial complexC as follows: Ak-simplex
σ is in C if the correspondingk+1 objects have a common intersection inR

d. It is easy to check
thatC is indeed closed under face relations and thus a simplical complex, called thenerveof S.
The famousNerve Theorem[12] states that if all objects inS are convex, the union ofS and its
nerve arehomotopically equivalent. This intuitively means that one can transform one into the
other by bending, shrinking and expanding, but without glueing and cutting. A consequence of
this theorem is that thehomology groupsof the union and the nerve are equal; see [12, 20] for
thorough introductions to homology.

For a finite point setP andα > 0, theCech complexCα(P) is the nerve of the set of (closed)
balls of radiusα centered at the points inP. Note that ak-simplex of the Cech complex can be iden-
tified with (k+1) pointsp0, . . . , pk in P, the centers of the intersecting balls. Let meb(p0, . . . , pk)
denote theminimum enclosing ball of P, that is, the ball with minimal radius that contains eachpi.

Observation 1. A k-simplex{p0, . . . , pk} is in Cα(P) iff the radius ofmeb(p0, . . . , pk) is at mostα.

A widely used approximation of Cech complexes is the(Vietoris)-Rips complexRα(P). It is
defined as the maximal simplicial complex whose 1-skeleton equals the 1-skeleton of thěCech
complex. Described as an iterative construction, startingwith the edges of thěCech complex, a
triangle is added to the Rips complex when its three boundary edges are present, a tetrahedron
when its four boundary triangles are present, and so forth. The Rips complex is an example of a
clique complex(also known asflag complexor Whitney complex). That means, it is completely
determined by its 1-skeleton which in turn only depends on the pairwise distance between the
input points. Fork+1 pointsp0, . . . , pk in P, let thediameterdiam(p0, . . . , pk) denote the maximal
pairwise distance between any two pointspi andp j with 0≤ i ≤ j ≤ k.

Observation 2. A k-simplex{p0, . . . , pk} is Rα(P) iff diam(p0, . . . , pk) is at mostα.

For notational convenience, we will often omit theP from the notation and writeCα andRα
whenP is clear from context.

Persistence modules For A⊂ R, apersistent moduleis a family(Fα)α∈A of vector spaces with
homomorphismsf α ′

α : Fα → Fα ′ for anyα ≤ α ′ such thatf α ′′
α ′ ◦ f α ′

α = f α ′′
α and f α

α is the identity
function.2 The most common class are modules induced by afiltration, that is, a familiy of com-
plexes(Cα)α∈A such thatCα ⊆Cα ′ for α ≤ α ′. For some fixed dimensionp, setHα := Hp(Cα),
the p-th homology group ofCα . The inclusion map fromCα to Cα ′ induces an homomorphism
f̂ α ′
α : Hα → Hα ′ and turns(Hα)α∈R into a persistence module. Example of such filtrations and

their induced modules are theCech filtration(Cα)α≥0 and the Rips filtration(Rα)α≥0. However,
we will also consider persistence modules which are not induced by filtrations. Generalizing the
case of filtrations, given a sequence of simplicial complexes (Aα)α∈A connected by simplicial

2This is not the most general definition of a persistent module; see [6].
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mapsgα ′
α : Aα → Aα ′ which satisfygα ′′

α ′ ◦gα ′
α = gα ′′

α andgα
α = id, the induced homology groups

Hα := Hp(Aα) and induced homomorphisms ˆgα
α : Hα → Hα ′ also yield a persistence module. A

persistence module(Fα)α∈A is tameif the rank ofFα is finite for all α ∈ A. As our modules in
this work will consist only of homology groups over finite simplicial complexes, all modules con-
structed in this paper will be tame, and we will ignore this technicality from now on when referring
to previous results. We will frequently denote filtrations and modules byF∗ instead of(Fα)α∈A for
brevity if there is no confusion aboutA.

For a persistence moduleF∗ with homomorphismsf α ′
α , we say that a generator (basis element)

γ ∈ Fα is born at α if γ /∈ Im f α
α−ε for anyε > 0, where Im is the image of a map. Ifγ is born at

α, we say that itdiesat α ′ if α ′ is the smallest value such thatf α ′
α (γ) ∈ Im f α ′

α−ε for someε > 0.
In other words, every generator can be represented by a pointin the plane, determining its birth-
and death-coordinate.F∗ is completely characterized by this multiset of points, which is called the
persistence diagramof the module and denote it as DgmF∗. Note that all points of the diagram lie
on or above the diagonal in the birth-death-plane.

For the benfit of readers inexperienced with the concept of persistence, we explain the wealth
of geometric-topological information contained in the persistence diagram, examplified on aČech
filtration of a point setS in R

3. As discussed, we can visualize the filtration as a sequence of
growing balls centered at the points inS, and the union of these balls forms a sequence of growing
shapes. During this process, the shape might createvoids, that is, pockets of air completely en-
closed by the shape. The rank of the second homology groupH2(Cα) yields the number of voids
present at scaleα (this rank is also called the 2ndBetti number). The persistence diagram for
H2(C∗) provides multi-scale information about the voids in the process; every point(b,d) of the
diagram represents a void that was formed forα = b and filled up forα = d. The same information
as for voids can be obtained forconnected componentsand fortunnels, choosing the 0-th and 1-st
homology groups, respectively.

Approximating persistence diagrams An important property of persistence diagrams is their
stability under “small” perturbations of the underlying filtrations and modules; see Cohen-Steiner
et al. [8] for the precise first statement of this type. We willuse the more recent results by Chazal
et al. [6] for this work, following Sheehy’s notations and definitions [22]. For two modulesF∗, G∗,
we say that DgmF∗ is ac-approximationof DgmG∗ with c≥ 1 if there is a bijectionπ : DgmF∗ →
DgmG∗ such that for any point(x,y) of DgmF∗, π(x,y) lies in the axis-aligned box defined by
1
c(x,y) andc(x,y). An equivalent statement is that the two diagrams have a bounded bottleneck
distance on the log-scale.

We will use the following result which is a reformulation of [6, Def.4.2+Thm.44]:

Theorem 3. Let (Fα)α≥0 and (Gα)α≥0 be two persistence module with two families of homo-
morphisms{φ : Fα → Gcα}α≥0 and {ψ : Gα → Fcα}α≥0 such that all the following diagrams
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commute:

Fα
c

//

  ❇
❇❇

❇❇
❇❇

❇
Fcα ′ Fcα // Fcα ′

Gα // Gα ′

==③③③③③③③③
Gα //

==④④④④④④④④
Gα ′

<<③③③③③③③③③

Fα // Fα ′

""❉
❉❉

❉❉
❉❉

❉
Fα //

!!❈
❈❈

❈❈
❈❈

❈
Fα ′

""❉
❉❉

❉❉
❉❉

❉❉

Gα
c

//

>>⑤⑤⑤⑤⑤⑤⑤⑤
Gcα ′ Gcα // Gcα ′

(2.1)

Then, the persistence diagrams of Fα and Gα are c-approximations of each other.

In the case of modules induced by filtrations, there is a simple corollary, called the “Persistence
Approximation Lemma” in [22]:

Lemma 4. If two filtrations(Aα)α≥0 and(Bα)α≥0 satisfy Aα
c
⊂ Bα ⊂ Acα for all α ≥ 0, then the

persistence diagrams are c-approximations of each other.

3 Well-separated simplicial decompositions

In this section, we introduce the notion of Well-separated simplicial decomposition (WSSD) of
point sets. WSSD can be seen as a generalization of well-separated pair decomposition of a point
set. We first revisit the definition of WSPD and then generalizeit to WSSD.

Notations. Let S⊂ R
d be a fixed point set with minimal distance 1/

√
d between two points and

such that all points are contained in a axis-parallel hypercubeq with side length 2L. We consider
a quadtree Qof q where each node represents a hypercube; the root representsq, and when an
internal node represents a hypercubeq′, its children represent the hypercubes obtained by splitting
q′ into 2d congruent hypercubes. From now on, we will usually identifythe quadtree node and
the hypercube that it represents. We call a node ofQ emptyif it does not contain any point ofS.
For any internal nodeq′, theheightof q′ in Q is i if the side length ofq′ is 2i ; the construction
ends at height 0; by construction, each leaf contains at mostone point ofS.3 The nodes ofQ at
heighti induce a gridGi where the side length of every cell ofGi is 2i. Fore> 0 and a ballB with
centerc and radiusr, we leteB denote the ball with centerc and radiuse· r. We state the following
property, which follows directly by triangle inequality, but is used several times in our arguments:

Observation 5. LetB be a ball with radius r that intersects a convex object M whose diameter is
at mostλ r. Then, M⊆ λB.

Finally, whenever we make statements that depend on a parameter ε, it is implicitely assumed
thatε ∈ (0,1) from now on.

3This “construction” is only conceptual; in an actual implementation, only non-empty would be stored. Moreover,
the quadtree should be represented incompressedform to avoid dependance on thespreadof the point set; see [15,
§2] for details.

6



Well-Separated Pair Decomposition. Let Q be a quadtree forS. A pair of quadtree cells(q,q′)
is calledε-well separatedif max(diam(q),diam(q′)) ≤ εd(q,q′); here diam(q) is the diameter of
a quadtree cell (which equals 2h

√
d if h is the height ofq) and d(q,q′) is the closest distance

between cellsq and q′. We state a simple consequence which appears somewhat indirect, but
allows a generalization to multivariate tuples:

Lemma 6. If (q,q′) is ε-well separated, any ballB that contains at least one point of q and one
point of q′, the ball(1+2ε)B contains all of q and all of q′.

Proof. Let B be a ball with radiusr intersecting bothq andq′, which means thatr ≥ d(q,q′)/2.
Because(q,q′) is well-separated,

diam(q)≤ εd(q,q′)≤ 2εr,

implying that(1+2ε)B contains all ofq by Observation 5. The same argument applies forq′.

For a pair(p, p′) ∈ S×Swe say that a pair of quadtree cells(q,q′) covers(p, p′) if p∈ q and
p′ ∈ q′, or p∈ q′ and p′ ∈ q. An ε-well separated pair decomposition(ε-WSPD) ofS is a set of
pairsΓ = ((q1,q′1),(q2,q′2), . . . ,(qm,q′m)) such that all pairs areε-well separated and every edge in
S×S is covered by some pair inΓ. We rely on the following properties of WSPDs, proved first
in [4]; see also [15,§3] for a modern treatement:

Theorem 7. A ε-WSPD of size O(n/εd) can be computed in O(nlogn+n/εd) time.

Well-Separated Simplicial decomposition. We generalize the construction of WSPD to higher
dimensions: LetS andQ be as above. We call a(k+ 1)-tuple (q0, . . . ,qk) of quadtree cells an
ε-well separated tuple(ε-WST), if for any ballB that contains at least one point of eachqℓ, we
have that

(3.1) q0∪q1∪ . . .qk ⊆ (1+ ε)B.

Moreover, we say that(q0, . . . ,qk) coversa k-simplexσ = (p0, . . . , pk), p0, . . . , pk ∈ S if there is a
permutationπ of (0, . . . ,k) such thatpπ(ℓ) ∈ qℓ for all 0≤ ℓ≤ k.

Definition 8. A set of(k+1)-tuplesΓ = {γ1, . . . ,γm} is a (ε,k)-well separated simplicial decom-
position((ε,k)-WSSD), if eachγℓ is aε-well separated tuple and each k-simplex of S is covered by
someγℓ. Anε-WSSDis the union of(ε,k)-WSSDs over all1≤ k≤ d.

It is easy to see with Lemma 6 that anε
2-WSPD is an(ε,1)-WSSD.

Our algorithm. We present an iterative algorithm for computing an(ε,k)-WSSD. In the first
iteration of our algorithm, we compute anε

2-WSPD which is an(ε,1)-WSSD using the algorithm
from [15, Fig. 3.3]. We now describe iterationk> 1 of our algorithm, where we compute a(ε,k)-
WSSDΓk using the(ε,k−1)-WSSDΓk−1 from the previous iteration:

We initialize Γk as the empty set and iterate over the elements inΓk−1. For anε-WST γ =
(q0,q1, . . .qk−1) ∈ Γk−1, letBγ = meb(q0∪q1∪ . . .qk−1), and letr denote its radius. Consider the
grid Gh formed by all quadtree cells of heighth such that 2h ≤ εr

2
√

d
≤ 2h+1. We compute the set

of non-empty quadtree cellsGh that intersect the ball 2·Bγ . For each such cellq′, we add the
(k+1)-tuple(q0, . . . ,qk−1,q′) to Γk. See Figure 3.1 for an illustration.
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Figure 3.1: Example for the construction ofΓ2 from Γ1: Let the pair of green boxes be a WSTγ of
Γ1 (that is, a well-separated pair). Now, the algorithm creates a triple consisting of the two green
boxes and any grid cell at heighth that intersects 2Bγ (shaded area). In this example, this would
be 10 triples - 6 with the red boxes, and 4 additional ones coming from the non-empty boxes in the
green areas.

Correctness. In order to prove the correctness of our construction procedure, we need to show
that the generated tuples indeed form a(ε,k)-WSSD.

Lemma 9. Every tuple added by our procedure is anε-WST.

Proof. We do induction onk, noting that fork= 1, the statement is true because anε
2-WSPD is an

(ε,1)-WSSD. Fork ≥ 2, assume that our algorithm creates ak-tuple (q0, . . . ,qk−1,q′) by adding
the cellq′ while considering theε-WST (q0, . . . ,qk−1). Let B be a ball that contains at least one
point from each of the cells(q0, . . . ,qk−1,q′). We have to argue that(1+ ε)B contains the cells
q0, . . . ,qk−1,q′; by induction hypothesis, it is clear thatq0∪ . . .∪qk−1 ⊆ (1+ ε)B and moreover,

(3.2) r = rad(q0, . . . ,qk−1)≤ (1+ ε)rad(B).

Finally, by construction,

diam(q′)≤
√

dεr

2
√

d
≤ ε(1+ ε)rad(B)

2
≤ ε · rad(B),

soq′ ⊆ (1+ ε)B by Observation 5.

For showing that allk-simplices are covered, we use the following result which istaken
from [3] – we note that the required bound also follows as a simple corollary of the main result
of [3], but we decided to give a more low-level argument for clarity.

Lemma 10. Let P be a point set with|P| ≥ 3. Then, there exists a point p∈ P such that

p∈ 1+1/d
√

1−1/d2
meb(P\{p}).

In particular, p∈ 2meb(P−\{p}) for d ≥ 2.
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Proof. Note that the statement is trivial if there exists a pointp∈P whose removal does not change
the minimum enclosing ball. Therefore, assume wlog that|P| ≤ d+1, and all points ofP are at
the boundary of meb(P). Let c be the center andr be the radius of meb(P). The points inP span a
polytopeT; take the smallest ballB centered atc that is contained inT. By [3, Lem. 3.2], its radius
is at mostr/d. Moreover,B touches at least one facet ofT. Let p be the point opposite of this
facet, setP′ := P\ {p} and letc′ andr ′ denote the center and radius of the meb ofP′. Following
the argumentation of [3, Lem. 3.3], it holds that

r ′ ≥ r
√

1− (1/d2)

and moreover,c′ is the point whereB touches the facet, so that‖c− c′‖ ≤ r/d. Now, by triangle
inequality

‖p−c′‖ ≤ ‖p−c‖+‖c−c′‖
≤ r + r/d

≤ (1+1/d)
r ′

√

1−1/d2

which implies the first claim. The second part follows easilyby noting that

1+1/d
√

1−1/d2
≤ 2

for all d ≥ 5/3.

Lemma 11. The set of(k+1)-tuplesΓk generated by our procedure covers all k-simplices over S.

Proof. We do induction onk. For the base casek= 1, by definition, all pairs of points inS×Sare
covered by some pair(q,q′) in an ε

2-WSPD. Assume that the computed(ε,k−1)-WSSD covers all
(k−1)-simplices and consider anyk-simplexσ = (p0, . . . , pk). By Lemma 10, there exists a point
among thepi , sayp0, such thatp0 ∈ 2meb(σ ′), whereσ ′ = (p1, . . . , pk). By induction hypothesis,
there exists aε-WST t = (q1, . . . ,qk) that coversσ ′. Clearly, p0 ∈ 2meb(t) as well. Letq be the
cell of Gh that containsp0. By construction, our algorithm adds(q1, . . . ,qk,q) to Γk, and this tuple
coversσ .

With Lemma 9 and Lemma 11, it follows that the constructed setΓk is an(ε,k)-WSSD.

Analysis. We bound the size of the(ε,k)-WSSD generated by our algorithm and the total time
taken to compute it.

Lemma 12. Let Γk be the(ε,k)-WSSD generated by our algorithm. Then,|Γk|= n(d/ε)O(dk).

Proof. By Theorem 7, the size of the(ε,1)-WSSD (orε
2-WSPD) isO(n(d/ε)O(d)). Let us assume

that the size ofΓk−1 is O(n(d/ε)O(d(k−1))). It suffices to show that for everyγ ∈ Γk−1, we add at
mostO((d/ε)d) ε-WSTs toΓk.

As in the algorithm, setBγ :=meb(γ) andr := rad(γ). By construction, the side length of a cell
in Gh is at least εr

4
√

d
. By a simple packing argument, the total number of cells ofGh that intersect

2Bγ is O((d/ε)d). We add (at most) oneε-WST toΓk for each of theseO((d/ε)d) cells.

9



By Theorem 7, anε2-WSPD can be constructed inO(nlogn+n(d/ε)d) time. To constructΓk

from Γk−1, for everyγ ∈ Γk−1, our algorithm has to compute the mebBγ of the involved cells and
find all cells inGh that intersect 2Bγ . This can be done, for instance, by finding the cellq that
contains the center ofBγ and traverse the cells in increasing distance fromq. All these operations
can be done in time proportional to the number of cells visitied, and a constant that only depends
on d. Since the total number of visited cells is at mostO((d/ε)d), the running time of computing
Γk from Γk−1 is O(|Γk−1|(d/ε)d) = O(n(d/ε)O(dk)). It follows that the total running time for
computingΓ1, . . . ,Γk is bounded byO(nlogn+n(d/ε)O(dk)).

We end the section with a property of our computed WSTs which will be useful in Section 4.

Lemma 13. For anyε-WST t= (q0, . . . ,qk) generated by our algorithm, letρ = rad(t). Then, the
heightλ of each qi satisfies:

2λ ≤ ερ√
d
.

Proof. We do induction onk. For k = 1, every pair(q,q′) ∈ Γ1 is an ε
2-well separated pair. With

ℓ := d(q,q′) the minimum distance betweenq andq′, it is clear thatρ ≥ ℓ/2. From the well-
separated property, we know that max(diam(q),diam(q′))≤ εℓ

2 and therefore, the maximum height
λ of q andq′ is such that 2λ ≤ εℓ

2
√

d
≤ ερ√

d
as required.

Fork> 1, assume that for every(ε,k−1)-WST, the lemma holds. Letγ ′ = q0, . . . ,qk−1 ∈ Γk−1
be any(ε,k−1)-WST andρ ′= rad(γ ′). Assume that our algorithm generatesγ =(q0, . . . ,qk−1,q′);

thenq′ is a cell of levelh with 2h ≤ ερ ′

2
√

d
. Becauseρ = rad(γ)≥ ρ ′, this implies that the statement

is true forq′, and also holds forq0, . . . ,qk−1 by induction hypothesis.

4 Cech approximations of linear size

In this section, we will define a persistence module which is a(1+ ε)-approximation of thěCech
module in the sense of Section 2. We start with a summary of ourconstruction: we first define
a sequence of (non-nested) simplicial complexes(Aα)α≥0, which we define using a WSSD from
Section 3. Then, we construct simplicial mapsgα ′

α : Aα → Aα ′ such thatgα ′′
α ′ ◦ gα ′

α = gα ′′
α and

gα
α = id. As discussed in Section 2, applying the homology functorto that sequence yields a

persistent module. To show that the constructed module approximates thěCech module, we define
simplicial cross-mapsφ : C α

1+ε
→ Aα and ψ : Aα → Cα that connect the two sequences on a

simplicial level. We then show that the induced maps on homology groups all commute and finally
apply Theorem 3 to show that the constructed module(1+ ε)-approximates thěCech module. We
remark that this strategy follows the approach by Dey et al. [10] who get a similar result for the
Rips module, simplifying the previous work of Sheehy [22].

More notations. Throughout the section, we assume a finite point setS⊂ R
d and a quadtreeQ,

and we reuse the notation on quadtrees from the previous section. Moreover, we will use assume
the existence of anε12-WSSD defined over cells ofQ, computed with the algorithm from Section 3.
We will mostly omit the “ε

12” and just talk about the WSSD and its WSTs from now on. Having a
WST t = (q0, . . . ,qk), we write rad(t) for the radius of the minimum enclosing ball ofq0∪ . . .∪qk.
For a non-empty quadtree cellq, we choose arepresentativerep(q) in Swith the property that if
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q is internal, its representative is chosen among the representatives of its children. Moreover, for
any quadtree cellq of heighti or less, we define qcell(q, i) for its (unique) ancestor at leveli.

We fix the following additonal parameters: Setθℓ := (1+ ε
2)

ℓ for any integerℓ. Let ∆α denote
the integer such that

θ∆α ≤ α < θ∆α+1.

Furthermore, we definehα as the integer such that

2hα ≤ εθ∆α

3
√

d
≤ 2hα+1.

When there is no ambiguity aboutα, we will skip the suffixes and write∆ := ∆α andh := hα .
To give a rough intuition about the chosen terms, the approximate complex will be only chang-

ing at discrete values; more precisely, allα ∈ [θℓ,θℓ+1) will result in the same approximation.
This motivates the definition of∆α which determines the range in whichα falls in. The second
parameterhα determines the grid size on which the approximation is constructed. Note thathα
rather depends on∆α than onα itself. Consequently, for anyα ∈ [θk,θk+1), the samehα is chosen.
Before we formally describe our construction, we prove the following useful lemma:

Lemma 14. Let α > 0, ∆ := ∆α and h:= hα as defined above. If anε12-WST t= (q0, . . . ,qk)
satisfiesrad(t)≤ θ∆+1, the height of each qi is h or smaller.

Proof. Since rad(t) ≤ θ∆+1, Lemma 13 implies that the heighth′ of eachqi satisfies 2h
′ ≤ εθ∆+1

12
√

d
.

Note thatθ∆+1 = (1+ ε/2)θ∆ ≤ 2θ∆, and therefore,

2h′ ≤ εθ∆

6
√

d
<

2h+1

2
≤ 2h.

The approximation complex Recall thatGℓ denotes the set of all quadtree cell at heightℓ.
We construct a simplicial complexAα with vertex setGh in the following way: For any WST
t ′ = (q0, . . . ,qk) with all qi at heighth or less, lett = (qcell(q0,h), . . . ,qcell(qk,h)). If rad(t)≤ θ∆,
we add the simplext to Aα . Note that some of the qcell(qℓ,h) can be the same, so that the
resulting simplex might be of dimension less thank. It is clear by construction and Lemma 12 that
Aα consists of at mostn(d/ε)O(d2) simplices, but it requires a proof to show that it is well-defined:

Lemma 15. Aα is a simplicial complex.

Proof. Let (q0, . . . ,qk) ∈ Aα . We need to show that its faces are inAα as well. Wlog consider
(q0, . . . ,qℓ) with ℓ < k. Since eachqi is non-empty, we can choose somevi ∈ qi and consider the
simplexτ = (v0, . . . ,vℓ). By the covering property of WSSD, there exists a WSTt ′ = (q′0, . . . ,q

′
ℓ)

that coversτ. Note that

rad(τ)≤ rad(q0, . . . ,qℓ)≤ rad(q0, . . . ,qk)≤ θ∆.

Now, becauset ′ is ε
12-well-separated and the meb ofτ intersects allq′i,

rad(t ′)≤ (1+
ε
12

)rad(τ)< θ∆+1

It follows by Lemma 14 that allq′i are at most on levelh. In particular, for alli, qcell(q′i ,h) = qi

because both cells containvi, andqi is on heighth by construction. Because rad(q0, . . . ,qℓ)≤ θ∆,
it follows that(q0, . . . ,qℓ) belongs toAα because of the WSTt ′.

11



We define maps between theAα next: Consider two scalesα1 < α2. We seth1 := hα1 and
defineh2, ∆1, and∆2 accordingly. Sinceh1 ≤ h2, there is a natural mapgα2

α1 : Gh1 → Gh2, mapping
a quadtree cell at heighth1 to its ancestor at heighth2. This naturally extends to a map

gα2
α1 : Aα1 → Aα2,

by mapping a simplexσ = (v0, . . . ,vk) to gα2
α1(σ) := (gα2

α1(v0), . . . ,g
α2
α1(vk)). It is easy to verify that

gα ′′
α ′ ◦gα ′

α = gα ′′
α andgα

α = id.

Lemma 16. g := gα2
α1 : Aα1 → Aα2 is a simplicial map.

Proof. Let t =(q0, . . . ,qk) be ak-simplex ofAα1. In particular, rad(t)≤ θ∆1 and all cells are at level
h1. Let q′ℓ = g(qℓ) denote the ancestor ofqℓ at levelh2. We need to show thatt ′ = (q′0, . . . ,q

′
k) ∈

Aα2. For that, it suffices to show that rad(t ′) ≤ θ∆2. Note that∆1 = ∆2 impliesh1 = h2, sot = t ′

and the statement is trivial. So, assume that∆1 < ∆2.
Consider the minimum enclosing ball oft. Note that this ball containsqℓ, and therefore also

at least one point of eachq′ℓ, for 0≤ ℓ ≤ k. We increase the radius by (at least) the diameter of a
quadtree cell on levelh2. The enlarged ball then containsq′ℓ completely (compare Observation 5).
The diameter of the cells at levelh2, however, is at most

εθ∆2

3
√

d

√
d ≤ ε

3
θ∆2.

Moreover, because∆1 is strictly smaller than∆2, θ∆1 ≤
θ∆2
1+ ε

2
. It follows that

rad(t ′)≤ rad(t)+
ε
3

θ∆2 ≤
1+ ε

3 +
ε2

6

1+ ε
2

θ∆2 ≤ θ∆2

for all ε ≤ 1. Therefore,t ′ ∈ Aα2.

Cross maps Next, we investigate thecross-mapφ : C α
1+ε

→Aα . To define it for a vertexv∈C α
1+ε

(which is a point ofS), setφ(v) = q, whereq is the quadtree cell at levelh that containsv. For a
simplex(v0, . . . ,vk), defineφ(v0, . . . ,vk) = (φ(v0), . . . ,φ(vk)).

Lemma 17. φ is a simplicial map.

Proof. Fix a simplexσ = (v0, . . . ,vk) ∈ C α
1+ε

. Take a WSTt = (q0, . . . ,qk) that coversσ . By the

properties of theε
12-WSSD, it follows that

rad(t)≤ (1+
ε
12

)rad(σ)≤ (1+ ε
12)

1+ ε
α.

Now, since
1+ ε

12
1+ε α < α ≤ θ∆+1, we can apply Lemma 14 which guarantees that allqℓ are at level

at mosth. Let t ′ = (q′0, . . . ,q
′
k) with q′ℓ = qcell(qℓ,h). Note thatq′ℓ = φ(vℓ), so all we need to show

is thatt ′ ∈ Aα . As mentioned in the proof of Lemma 16, the diameter of a cell at levelh is at most
ε
3θ∆. It follows that the minimum enclosing ball oft enlarged byε

3θ∆ coverst ′. Therefore,

rad(t ′)≤ rad(t)+
ε
3

θ∆ ≤ (1+ ε
12)

1+ ε
α +

ε
3

θ∆
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Sinceα ≤ (1+ ε
2)θ∆, this implies

rad(t ′)≤ 1+ 5
12ε + 3

8ε2

1+ ε
θ∆ ≤ θ∆

for ε ≤ 14
9 . It follows thatt ′ ∈ Aα .

In the other direction, we have a mapψ : Aα → Cα defined by mapping a quadtree cellq at
level h to its representative rep(q). It is easy to see that this map is simplicial: Fort = (q0, . . . ,qk)
in Aα , we have that rad(t)≤ θ∆ ≤ α. Settingσ := (rep(q0), . . . , rep(qk)), it is clear that rad(σ)≤
rad(t)≤ α, soσ ∈ Cα .

Interleaving sequences We fix some integerp≥ 0 and consider the persistence modules

(Ĉα)α≥0 := (Hp(Cα))α≥0, ( ˆAα)α≥0 := (Hp(Aα))α≥0

and the induced homomorphismsf̂α1,α2 (induced by inclusion) and ˆgα1,α2, respectively. Moreover,
since the cross maps are simplicial, the induced homomorphismsφ̂ : Ĉ α

1+ε
→ ˆAα andψ̂ : ˆAα → Ĉα

connect the two modules. We show that the crossmapsφ̂ , ψ̂ commute with the module mapŝf , ĝ
in the next three lemmas.

Lemma 18. The diagram

Ĉ α
1+ε

φ̂

  ❆
❆❆

❆❆
❆❆

❆

ˆA α
1+ε

ψ̂
OO

ĝ
// ˆAα

commutes, that means,φ̂ ◦ ψ̂ = ĝ.

Proof. The maps commute already on the simplicial level, that is,φ ◦ψ = g, as one can easily
verify from the definition of the maps.

For the next two lemmas, we need the following definition: Twosimplicial mapsh1,h2 : K → L
arecontiguousif for any simplex(v0, . . . ,vk)∈K, the points(h1(v0), . . . ,h1(vk),h2(v0), . . . ,h2(vk))
form a simplex inL. In this case, the induced homomorphismsĥ1, ĥ2 are equal [20, p.67].

Lemma 19. The diagram

Ĉ α
1+ε

φ̂

!!❇
❇❇

❇❇
❇❇

f
// Ĉα

ˆAα

ψ̂

OO

commutes, that means,ψ̂ ◦ φ̂ = f̂ .
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Proof. Note the simplicial maps do not commute here; we will show instead that they are con-
tiguous. So, fix a simplexσ = (v0, . . . ,vk) in C α

1+ε
. Consider its image(q0, . . . ,qk) underφ .

All qℓ are on levelh, vℓ ∈ qℓ, and rad(q0, . . . ,qk) ≤ θ∆ ≤ α. Let (w0, . . . ,wk) be the image of
(u0, . . . ,uk) underψ, that is,wℓ is the representative ofqℓ. In particular, we have thatwℓ ∈ qℓ.
It follows that the set{v0, . . . ,vk,w0, . . . ,wk} is contained in the unionq0∪ . . .∪qk and therefore,
rad(v0, . . . ,vk,w0, . . . ,wk)≤ α. It follows that the simplex(v0, . . . ,vk,w0, . . . ,wk) is in Cα . Hence,
ψ ◦φ and f are contiguous.

Lemma 20. For α1 ≤ α2, the diagram

Ĉα1

f̂
// Ĉα2

ˆAα1

ĝ
//

ψ̂

OO

ˆAα2

ψ̂

OO

commutes, that means,ψ̂ ◦ ĝ= f̂ ◦ ψ̂ .

Proof. Again, the corresponding simplicial maps do not commute in general (they do only ifhα1 =
hα2). We will show that the simplicial maps are contiguous. Fix somet = (q0, . . . ,qk) ∈ Aα1 and
let vℓ be the representative ofqℓ; in particular f ◦ψ(qℓ) = vℓ. Now, setq′ℓ := g(qℓ). It is clear that
qℓ ⊆ q′ℓ. Moreover, by definition ofAα2, we have that rad(q′0, . . . ,q

′
k)≤ θ∆2 ≤ α2, where∆2 := ∆α2.

Setwℓ := ψ(g(qℓ)) = ψ(q′ℓ) be the representative ofq′ℓ. By construction,v0, . . . ,vk,w0, . . . ,wk are
all contained in the unionq′0∪ . . .∪q′k and therefore, rad(v0, . . . ,vk,w0, . . . ,wk)≤ α2. This implies
that the two maps are contiguous.

Theorem 21.The persistence modulêA∗ is a(1+ε)-approximation of the persistence moduleĈ∗.

Proof. Using Lemmas 18-20, one can show that all diagrams in (2.1) commute by splitting them
into subdiagrams. The result follows from Theorem 3.

5 Coresets for minimal enclosing ball radii

Recall that for a point setP = {p1, . . . , pn} ⊂ R
d, we denote by meb(P) the minimum enclosing

ball of P. Let center(P) ∈ R
d denote the center and rad(P) ≥ 0 the radius of meb(P). Fixing

ε > 0, we call a subsetC ⊆ P a meb-coreset for Pif the ball centered at center(C) and with
radius(1+ ε)rad(C) containsP. We callC ⊆ P a radius-coreset for Pif rad(P) ≤ (1+ ε)rad(C).
Informally, a radius-coreset approximates only the radiusof the minimum enclosing ball, whereas
the meb-coreset approximates the ball itself. A meb-coreset is also a radius-coreset by definition,
but the opposite is not always the case; see Figure 5.1 for an example.

Obviously, a point set is a coreset of itself, so coresets exist for any point set. We are interested
in the coresets of small sizes. For the meb-coreset, this question is answered by B̆adoiu and
Clarkson [3]. We summarize their result in the following statement:

Theorem 22.For ε > 0, and any (finite) point set, there exists a meb-coreset of size⌈1
ε ⌉, and there

exist point sets where any meb-coreset has size at least⌈1
ε ⌉.
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Figure 5.1: Consider the regular triangle with pointsp1 = (−1,0), p2 = (1,0) and p3 = (0,
√

3)

in the plane; letP= {p1, p2, p3} andC = {p1, p2}. Then, center(P) = (0,
√

1/3), rad(P) =
√

4
3,

center(C) = (0,0), and rad(C) = 1. For ε = 0.5, it is thus clear thatC is a radius-coreset of
P. However,C is not a meb-coreset because the ball with radius 1.5 around the origin does not
containp3.

Note that the size of the coreset is independent of both the number of points inP and the
ambient dimension. However, since radius-coresets are a relaxed version of meb-coresets, we can
hope for even smaller coresets. We start by showing a lower bound:

Lemma 23. There is a point set such that any radius-coreset has size at least

δ := ⌈ 1
2ε + ε2 +1⌉.

Proof. Consider the standard(d−1)-simplex ind dimensions, that is,P is the point set given by
thed unit vectors inRd. By elementary calculations, it can be verified that center(P) = (1

d , . . . ,
1
d)

and rad(P) =
√

d−1
d . Fixing a subsetC⊆ P of sizek, its points span a standard simplex inRk and

therefore, rad(C) =
√

k−1
k by the same argument. Hence,C is a radius-coreset ofP if and only if

√

d−1
d

≤ (1+ ε)
√

k−1
k

.

Isolatingk yields the equivalent condition that

k≥ ⌈ (1+ ε)2

(1+ ε)2− d−1
d

⌉= ⌈1+ 1
d

d−1(2ε + ε2+ 1
d)

⌉.

The last expression is monotonously increasing ind, and converges toδ for d→ ∞. It follows that,
for d large enough, any radius-coreset of a standard(d−1)-simplex has size at leastδ .

We will show next that any point set has a radius coreset of size δ . For a point setP in R
d and

1≤ k≤ d, let rk(P) denote the maximal radius of a meb among all subsets ofP of cardinalityk. We
can assume thatP contains at leastd+1 points; otherwise it is contained in a lower-dimensional
Euclidean space. On the other hand, ifP contains at leastd+1 points, there exists a subsetP′ of
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P containing exactlyd+1 points such that the meb ofP′ equals the meb ofP, which implies that
rd+1(P) = rad(P). Moreover,r2(P) = diam(P) is the diameter ofP. We use a result by Henk [17,
Thm.1] (we adapt his notation to our context):

Theorem 24(Generalized Jung’s Theorem). Let P⊂ R
d be a point set, and let i, j two integers

with 2≤ j ≤ i ≤ d+1. Then

r i(P)≤
√

j(i−1)
i( j −1)

r j(P)

The theorem generalizes an older result by Jung [18] which states the following relation be-
tween the circumradius and the diameter ofP:

rad(P) = rd+1(P)≤
√

2d
d+1

r2(P) =

√

2d
d+1

diam(P).(5.1)

We sketch the proof of Theorem 24 for completeness. It relieson the following property: Given a
point setQ of k+1 linearly independent points inRk. Then,

rad(Q)≤ k√
k2−1

rk(Q),(5.2)

in other words, there is a subset ofk points whose circumradius is large in some sense; see also [3,
Lemma 3.3]. We assume for simplicity that thei-subset of points ofP that realizesr i(P) is linearly
independent; otherwise, we can switch to an independent subset and a similar argument applies.
Iteratively applying (5.2) yields that

r i(P)≤
i−1

∏
t= j

t√
t2−1

r j(P).

However, it is a straight-forward to prove by induction that

i−1

∏
t= j

t√
t2−1

=

√

j(i−1)
i( j −1)

.

Theorem 25. For ε > 0, any finite point set P has a radius-coreset of sizeδ .

Proof. Applying Theorem 24 to the case thati = d+1 and j = δ yields

rad(P) = rd+1(P)≤
√

δ ·d
(d+1)(δ −1)

rδ (P) =

√

d
d+1

︸ ︷︷ ︸

≤1

√

δ
δ −1

rδ (P).

Furthermore, sinceδ ≥ 1
2ε+ε2 +1, it follows that

δ
δ −1

= 1+
1

δ −1
≤ (1+ ε)2.

So, lettingC be a subset of cardinalityδ with radiusrδ (P), we obtain that rad(P)≤ (1+ε)rad(C),
which means thatC is a radius-coreset.
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We remark that our results immediately imply an algorithm for computing a radius-coreset of
sizeδ : starting with the whole point set, iteratively remove points such that the remaining subset
has the largest possible radius among all choices of removedpoints. When this process is stopped
for a subset of sizeδ , the resulting subset is a radius-coreset. However, this algorithm is rather in-
efficient, because it is quadratic inn, and a natural question is how to compute radius coresets more
efficiently. For meb-coresets of size⌈1

ε ⌉, Bădoiu and Clarkson [3] prove existence algorithmically
by defining an algorithm which starts with an arbitrary set ofsize⌈1

ε ⌉ and alternatingly adds and
removes points from the set until the set remains unchanged,and they prove that the resulting set
is a meb-coreset. Their algorithm is an instance of a more general class of optimization problems
as described in [7]; we were not able to find a reformulation ofthe radius-coreset problem in terms
of this algorithmic framework.

6 A generalized Rips-Lemma

We define the following generalization of a flag-complex:

Definition 26 (i-completion). Let K denote a simplical complex. The i-completionof K, Mi(K),
is maximal complex whose i-skeleton equals the i-skeleton ofK.

With that notation, we have thatRα = M1(Cα). Moreover, we have thatCα = Md(Cα) as a
consequence of Helly’s Theorem [12].

We can show the following result as an application of Theorem25.

Theorem 27. For δ = ⌈1/(2ε + ε2)+1⌉,
Cα ⊆ Mδ−1(Cα)⊆ C(1+ε)α

Proof. The first inclusion is clear. Now, consider a simplexσ in Mδ−1(Cα). The second inclusion
is trivial if dim σ ≤ δ −1, so let its dimension be at leastδ . By Theorem 25, the boundary vertices
of σ have a coreset of size at mostδ . Let τ denote the simplex spanned by such a coreset. As
τ is a face ofσ , it is contained inMδ−1(Cα), and because it is of dimension at mostδ −1, it is
in particular contained inC(α). By the property of coresets, the minimal enclosing ball ofσ has
radius at most(1+ ε)α which implies thatσ ∈ C(1+ε)α .

As a special case, consider the choiceε =
√

2−1, so thatδ = 2. The above result yields that

Rα = M1(Cα)⊆ C√
2α ,

which is exactly the statement of the Vietoris-Rips Lemma as stated in [12, p.62].
Theorem 27 and Lemma 4 prove the closeness of the persistencediagrams of thěCech filtration

and the completion complex:

Theorem 28. The persistence diagram ofMδ−1(C∗) with δ := ⌈1/(2ε + ε2)+ 1⌉ is a (1+ ε)-
approximation of the persistence diagram ofC∗.

Note thatMk(Cα) is determined by thek-skeleton of thěCech complex, which of sizeO(nk+1).
In this respect, the completion complex constitutes a trade-off between simplicity (i.e., its represen-
tation size) and approximation quality of theČech complex. We emphasize that the approximation
is solely determined byk and does not depend on the ambient dimension of the point set.
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7 Conclusion and Outlook

We have presented two distinct ways to approximate Cech complexes; the fixed-dimensional result
on approximating the Cech filtration to linear size is a technically challenging, but conceptually
straight-forward extension of recent work on the Rips filtration; however, we believe that the con-
cept of WSSDs to be interesting and hopefully applicable in different contexts, and we plan to
identify application scenarios in the future. Our high-dimensional results are a first attempt to link
the areas of computational topology, where data is often high-dimensional, and geometric approxi-
mation algorithms that try to overcome the curse of dimensionality. We want to achieve algorithmic
results in that context in the future; one question is whether an optimal-size radius coreset can be
computed efficiently. Moreover, the introduced concept of completions is not tied to start com-
pleting simplices at a fixed dimension; in fact, one can startwith any complexC (not necessarily
a skeleton) and define the completion as the largest complex containingC. With suchadaptive
completions, ε-close approximations of the Cech filtration might be possible with just a slightly
larger representation size than the Rips filtration. The openquestion is, however, whether such a
representation can be computed efficiently. Finally, we pose the question whether there are other
applications, besides approximatingČech complexes, where the smaller size of radius-coresets in
comparison to meb-coresets could be useful.
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