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ABSTRACT
Let A,B ∈ [∆]2, |A| = |B| = n, be point sets where each
point has a positive integer coordinate bounded by ∆. For
an arbitrary small constant δ > 0, we design an algorithm
to compute a minimum-cost Euclidean bipartite matching
of A,B in O(n3/2+δ log(n∆)) time; all previous exact al-
gorithms for the Euclidean bipartite matching, even when
the point sets have bounded integer coordinates take Ω(n2)
time.
First, we compute in O(n3/2+δ logn∆) time, a candidate

set E ⊆ A×B such that M∗ ⊆ E and the graph G(A∪B,E)
is planar; here M∗ is a minimum-cost matching of A and B.
Next, we compute M∗ from this weighted bipartite planar
graph in O(n3/2 logn) using the algorithm described in [6].

Categories and Subject Descriptors
F.2.2 [Theory of Computation]: Nonnumerical Algorithms
and Problems—geometrical problems and computations; G.2.2
[Discrete Mathematics]: Graph Theory—graph algorithms

Keywords
Euclidean bipartite matching

1. INTRODUCTION
For A,B ∈ [∆]2, let G(A,B) = G(A ∪ B,A × B)1, be

a weighted bipartite graph with |A| = |B| = n. Let the
Euclidean distance ∥ab∥ be the cost of an edge (a, b) ∈ A×B.
A matching M in G is a set of vertex-disjoint edges. The
cost of M denoted by w(M) is the sum of cost of its edges,
i.e.,

w(M) =
∑

(a,b)∈M

∥ab∥.
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M is a perfect matching if |M | = n. We call a perfect match-
ing on G(A,B) optimal and denote it by M∗(A,B) (or M∗

when A and B is obvious from the context), if its cost is min-
imum among all perfect matchings of G. In this paper we
present an algorithm to compute M∗ in O(n3/2+δ log(n∆))
time; here δ > 0 is an arbitrarily small constant2. Through-
out this paper, we use δ to represent this constant.

Previous work. Optimal matching on weighted bipartite
graphs with n vertices and m edges can be computed using
the Hungarian algorithm in O(mn) time [7]. If a perfect
matching does not exist, it computes a maximum cardinality
minimum-cost matching. For weighted graphs, if the edge
costs are positive integers bounded by nO(1), Gabow and
Tarjan [4] show that an optimal matching can be computed
in O(m

√
n logn) time.

For the case where A,B ⊂ R2 and an Lp-norm, Vaidya
presents an algorithm to compute optimal matching inO(n2.5)
time [10]. Agarwal et al. [1] improve the running time to
O(n2+δ). For L1- and L∞-norms, Vaidya [10] shows that the

running time of his algorithm can be improved to n2 logO(d) n.
It is an open question whether there is a sub-quadratic algo-
rithm that computes an optimal Euclidean bipartite match-
ing for planar point sets.

There are algorithms that compute an ε-approximate match-
ing – a matching whose cost is within a factor (1+ ε) of the
optimal – in sub-quadratic time. After a sequence of sub-
quadratic approximation algorithms [2, 5, 11], Sharathku-
mar and Agarwal presented an algorithm to compute an
ε-approximate matching in near-linear time [9].

Sharathkumar and Agarwal [8] present an alternate ap-
proximation algorithm to compute, for any cost function
d(·, ·), a matching within an additive error ε > 0 of the opti-

mal matching in time O(n3/2Φ(n) log(n∆/ε)); here Φ(n) is
the query and update time of a weighted nearest-neighbor
data structure under d(·, ·). Let M be a smallest-cost perfect
matching among all perfect matchings with a cost (strictly)
greater than w(M∗), i.e., M = argminM′,w(M′) ̸=w(M∗) w(M

′).
The algorithm of [8] returns an optimal matching when ε =
w(M) − w(M∗). For the L1 and L∞-norms, the cost of ev-
ery edge is an integer and hence the value of ε is at least
1. Therefore, this algorithm returns an optimal match-
ing in O(n3/2poly(log n) log(n∆)) time. For the Euclidean
norm (resp. Lp-norm), however, the expression for ε, i.e.,
w(M)−w(M∗) is the difference between the sum of n square

2The constant of proportionality hidden in the big-O nota-
tion depends on δ and tends to ∞ as δ tends to 0.



roots (resp. pth-root) of integers bounded by 2∆2, i.e.,

ε <

n∑
i=1

√
ai −

n∑
j=1

√
bj ai, bj ∈ [1 : 2∆2].

Determining the upper and lower bounds on the smallest
value of ε – also known as the sum of square roots problem
– is an important open question in computational geometry.
In particular, it is known that the value of ε can be at least

∆−22k+1

(See Lemma 1). Using this value of ε, we obtain
only an exponential upper bound on the running time of the
algorithm [8] for computing optimal matching.

Lemma 1. [3] The minimum non-zero difference between
two sum of square roots of integers∣∣∣∣∣

k∑
i=1

√
ai −

k∑
i=1

√
bi

∣∣∣∣∣ ,
where ai, bi are integers no larger than ∆2 is at least ∆−22k+1

Our results. In this paper, we present an algorithm to
compute optimal Euclidean bipartite matching of A,B in
O(n3/2+δ log(n∆)) time. To the best of our knowledge, this
is the first sub-quadratic algorithm for computing Euclidean
optimal matching even when points are from a bounded inte-
ger grid. Our algorithm extends to Lp-norm, for any integer
1 < p < ∞. However, we restrict the description of our
algorithm to the Euclidean norm.
Our approach uses the algorithm of [8] to first compute

an approximate matching by solving an approximate linear
program inO(n3/2+δ log(n∆)) time. Next, exploiting the ge-
ometry of the point set and using the dual weights on points
returned by the algorithm of [8], our algorithm computes a
small candidate set E ⊂ A×B in O(n1+δ) time. The candi-
date set contains an optimal matching M∗, i.e., M∗ ⊆ E and
the graph induced by it, G(A ∪ B,E) is planar. Finally, we
use the algorithm of Lipton and Tarjan [6] to compute M∗

from the planar graph G(A ∪B,E) in O(n3/2 logn) time.
The rest of the paper is structured as follows. In Section 2,

we describe an approximate linear program for matching.
In Section 3, we present new properties of this approximate
linear program. Exploiting these properties, in Section 4,
we present an algorithm to compute a candidate set with
the desired properties. This leads to the main result of our
paper (Theorem 1). We conclude in Section 5.

2. PRELIMINARIES
In this section, we introduce terminology useful in describ-

ing our algorithm.
For v ∈ A∪B, let y(v) be its dual weight. A matching M

and a set of dual weights are dual feasible if for every edge
(a, b) ∈ A×B:

y(a) + y(b) ≤ d(a, b), (1)

y(a) + y(b) = d(a, b), if (a, b) ∈M. (2)

It is well-known that any dual feasible perfect matching is
optimal. See [7] for details.
For a scaling parameter θ > 0, let θ-scaled graph, Gθ(A,B),

be the graph identical to G(A,B), except that the cost of

every edge (u, v) ∈ A × B is dθ(u, v) =
⌈

∥uv∥
θ

⌉
. Given a

a c b

d

a

c

b

d

a

a c b

d

d

(i) (ii) (iii)

(iv)

b

a bc d

(v)

a b c

(vi)

Figure 1. (a, b) and (c, d) intersect in (i) and (ii). In (iii)
(a, b),(a, d) do not intersect. In (iv) and (v), (a, b) and (c, d)
overlap. In (vi), (a, b) and (a, c) overlap.

graph Gθ(A,B), a 1-feasible matching consists of a match-
ing M and set of dual weights y(·) such that for all edges
between (u, v) ∈ A×B we have

y(u) + y(v) ≤ dθ(u, v) + 1, (3)

y(u) + y(v) = dθ(u, v) for (u, v) ∈M. (4)

The above conditions with the +1 removed from (3) are
identical to (1) and (2). A 1-optimal matching is a perfect
matching that is 1-feasible.

For ε > 0 and θ = ε/3n, the cost of a 1-optimal matching
M is within an additive error ε from the optimal and such a
matching and the corresponding set of dual weights can be
computed in time O(n3/2+δ log(n∆/ε))(See [8] for details),
i.e.,

w(M) ≤ w(M∗) + ε.

For any two points a, b, we denote the line segment joining
a and b by ab. Let int(ab) be the interior of the line segment
ab, i.e., ab \ {a, b}. e is the point of intersection of (a, b)
and (c, d) if e ∈ ab ∩ cd and e ∈ int(ab) ∪ int(cd). When
a, b, c and d are non-collinear, we refer to (a, b) and (c, d) as
intersecting edges. When a, b, c and d are collinear, we refer
to (a, b) and (c, d) as overlapping edges. See Figure 1.

3. PROPERTIES OF 1-OPTIMAL MATCH-
ING

In this section, we present new properties of a 1-optimal
matching M and the corresponding set of dual weights of
Gθ(A,B). Throughout this paper, we set θ to be 1

n∆33 . For
any point v ∈ A ∪B, let scaled dual weight of v is

ỹ(v) = θ · y(v) = y(v)

n∆33
.

From (3) and (4), we obtain the following inequalities:

ỹ(u) + ỹ(v) =
1

n∆33
(y(u) + y(v))

≤ 1

n∆33
(
⌈
(n∆33)∥uv∥

⌉
+ 1)

≤ ∥uv∥+ 2

n∆33
, (5)

ỹ(u) + ỹ(v) =
1

n∆33
(y(u) + y(v))

=
1

n∆33

⌈
(n∆33)∥uv∥

⌉
≥ ∥uv∥ for (u, v) ∈M. (6)



Every edge of any optimal matchingM∗ satisfies the prop-
erty described in the following lemma.

Lemma 2. Let A,B ⊂ [∆]2 and let M∗ be any optimal
matching of A,B. Let M be a 1-optimal matching on Gθ(A,B),
for θ = 1

n∆33 , and ỹ(·) be the set of scaled dual weights. For
any edge (a, b) ∈M∗,

ỹ(a) + ỹ(b) > ∥ab∥ − 2

∆33
. (7)

Proof. Suppose there is an edge (a, b) ∈ M∗ such that
ỹ(a) + ỹ(b) ≤ ∥ab∥ − 2

∆33 .

w(M) ≤
∑

(a′,b′)∈M

(ỹ(a′) + ỹ(b′)) =
∑

u∈A∪B

ỹ(u)

≤
( ∑
u∈(A∪B)\{a,b}

ỹ(u)
)
+ ∥ab∥ − 2

∆33

≤
( ∑
(a′,b′)∈M∗\(a,b)

(ỹ(a′) + ỹ(b′))
)
+ ∥ab∥ − 2

∆33
.

Since, M∗ \ (a, b) has n− 1 edges each of which satisfy (5).
Therefore, we have

w(M) ≤ w(M∗ \ (a, b)) + 2(n− 1)

n∆33
+ ∥ab∥ − 2

∆33

< w(M∗).

This contradicts our assumption that M∗ is a minimum-cost
matching.

We refer to every edge that satisfies (7) as an eligible edge.
Let E ⊆ A×B be the set of all eligible edges. In the following
lemmas, we show that no two eligible edges intersect.

Lemma 3. For any point set P ⊂ [∆]2, let a, b, c, d ∈ P
be four non-collinear points. Suppose segments ab and cd
intersect. Then,

∥ad∥+ ∥bc∥+ 1/∆32 < ∥ab∥+ ∥cd∥. (8)

Proof. Let e ∈ ab ∩ cd, i.e., e be the point of inter-
section of the segments. In Figure 2(ii), three of the four
points are collinear. In this case, b and e are the same
point. Since a, b, c and d are non-collinear, either {b, e, c}
or {a, e, d} are non-collinear. For three non-collinear points
under Euclidean distance, triangular inequality holds with a
strict inequality. 3 Therefore, we have

∥ab∥+ ∥cd∥ = ∥be∥+ ∥ec∥+ ∥de∥+ ∥ea∥ > ∥bc∥+ ∥ad∥.

All points have integer coordinates and therefore all the
four distances, i.e., ∥ab∥, ∥cd∥, ∥bc∥ and ∥ad∥ are square roots
of integers. From Lemma 1 we have, ∥ab∥ + ∥cd∥ − ∥bc∥ −
∥ad∥ > 1/∆32.

Lemma 4. Let θ = 1
n∆33 . For a 1-optimal matching M

and a set of dual weights y(·) on Gθ(A,B), let for any u ∈
A∪B, ỹ(u) = y(u) ·θ. For four non-collinear points a, c ∈ A
and b, d ∈ B, suppose (a, b) and (c, d) are eligible edges then
(a, b) and (c, d) do not intersect.

3This claim holds for all norms except L1 and L∞-norms.

Proof. Suppose (a, b) and (c, d) are eligible edges that
intersect. From (7) and (8), we have

ỹ(a) + ỹ(b) + ỹ(c) + ỹ(d) > ∥ab∥+ ∥cd∥ − 4

∆33

> ∥ad∥+ ∥bc∥ − 4

∆33
+

1

∆32

> ∥ad∥+ ∥bc∥+ 1

2∆32
. (9)

From (5), we have ỹ(a) + ỹ(d) ≤ ∥ad∥ + 2/(n∆33) and
ỹ(b) + ỹ(c) ≤ ∥bc∥+ 2/(n∆33). Adding the two, we get

ỹ(a) + ỹ(b) + ỹ(c) + ỹ(d) ≤ ∥ad∥+ ∥bc∥+ 4/(n∆33),

which contradicts (9).

Suppose, no three points in A ∪ B are collinear, then
Lemma 4 implies that G(A∪B,E) is a planar graph. How-
ever, when points are collinear, the example of Figure 3
shows that there can be Ω(n2) eligible edges. In the next
section, we describe a procedure to compute a small candi-
date set of edges E. The candidate set is such that M∗ ⊆ E

and G(A ∪B,E) is planar.

4. COMPUTING CANDIDATE SET
In this section, we present an algorithm to compute a can-

didate set E in time O(n3/2+δ log(n∆)). First, our algorithm
identifies subsets of collinear points that have eligible edges
between them. Next, our algorithm computes the candidate
set by choosing a small number of eligible edges from each
of these subsets. We show that the eligible set constructed
by our algorithm is such that M∗ ⊆ E and G(A ∪ B,E) is
planar. Recollect that M is a 1-optimal matching, ỹ(·) is the
set of scaled dual weights and E is the set of eligible edges.

A graph G(A ∪B,E) is a planar straight-line graph if for
any two edges (a, b), (c, d) ∈ E, int(ab) ∩ int(cd) = ∅. Let
P ⊂ (A∪B)×(A∪B). Suppose P = {(p1, q1), . . . , (pk, qk)}.
For 1 ≤ i ≤ k, let Ai (resp. Bi) be the subset of points of A
(resp. B) that lie in the interior of the line segment joining
pi and qi, i.e.,

Ai = A ∩ int(piqi),

Bi = B ∩ int(piqi) (10)

Let Ei ⊆ E be the set of eligible edges that are contained in
piqi (See Figure 4),i.e.,

Ei = {(a, b) | (a, b) ∈ E, ab ⊆ pi, qi}. (11)

P = {(p1, q1), . . . , (pk, qk)} is an eligible edge decomposition
if it satisfies the following properties:

(P1) E =
∪k

i=1 Ei.

(P2) G(A ∪B,P ) is a planar straight-line graph.

In Section 4.1, we give an algorithm to compute an eligible
edge decomposition, i.e., a set P that satisfies (P1) and (P2).
For each (pi, qi) ∈ P , the algorithm also returns Ai and
Bi as defined in (10). For any (pi, qi) ∈ P consider the
sets Ai and Bi. In Lemma 5 and Lemma 6, we present
properties satisfied by Ai and Bi that are useful in describing
our algorithm.

Lemma 5. For any eligible edge (u, v) ∈ E, if u ∈ Ai∪Bi

then v ∈ Ai ∪Bi ∪ {pi, qi}.
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Figure 3. A = {a1, . . . , a5}, B = {b1, . . . , b5}. Every
point is a unit distance from its neighbor. For the dual
weights shown every pair (ai, bj) is eligible.
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Figure 4. P = {(a1, b1), (b1, a4), (a4, b4), (b4, a1)}. Let E =
{({b1, b2, b3} × {a2, a3, a4}) ∪ {b1, a1} ∪ {a1, b4} ∪ {b4, a4} .
For (b1, a4), Bi = {b2, b3} and Ai = {a2, a3}, Ei = (Ai ∪
{a4})× (Bi ∪ {b1})

Proof. u ∈ Ai∪Bi, therefore u ∈ piqi Let V = Ai∪Bi∪
{pi, qi}. Suppose v ̸∈ V , then v ̸∈ piqi and (u, v) ̸∈ Ei. Let
j ̸= i be such that (u, v) ∈ Ej (From (P1), we know that
such an Ej exists). By definition, uv ⊆ pjqj . This implies
u ∈ piqi ∩ pjqj and u ∈ int(piqi) contradicting (P2).

Lemma 6. Suppose |Bi| ≤ |Ai| Then,

(i) |Ai| ≤ |Bi|+ 2,

(ii) if |Ai| = |Bi|+ 1 then either pi ∈ B or qi ∈ B,

(iii) if |Ai| = |Bi|+ 2 then pi ∈ B and qi ∈ B.

Proof. For every point a ∈ Ai, let b be such that (a, b) ∈
M

(i) (a, b) is eligible, therefore from Lemma 5, b ∈ Bi ∪
{pi, qi} implying |Bi∪{pi, qi}| ≥ |Ai| or |Bi|+2 ≥ |Ai|.

(ii) Since both pi, qi ∈ A, for a ∈ Ai, we have b ∈ Bi

(from Lemma 5). This implies |Bi| ≥ |Ai| contradict-
ing |Ai| = |Bi|+ 1.

(iii) Since pi ∈ A, for a ∈ Ai we have b ∈ Bi ∪ {qi} (from
Lemma 5). This implies |Bi| ≥ |Ai| + 1 contradicting
our assumption that |Ai| = |Bi|+ 2. �

A symmetric version of Lemma 6 holds for the case where
|Ai| ≤ |Bi|. Now, we describe our algorithm for computing
the candidate set E.
Algorithm. First, using the algorithm of [8], we compute a
1-optimal matching M of Gθ(A,B) for θ = 1/(n∆33). Next,
using the algorithm presented in Section 4.1, we compute an
eligible edge decomposition P . This algorithm also returns
sets Ai and Bi for each (pi, qi) ∈ P .
Initialize E to ∅. Let P = {(p1, q1), . . . , (pk, qk)} be the

eligible edge decomposition returned by the algorithm in
Section 4.1. Recollect the notation M∗(A,B) is an optimal
matching on G(A∪B,A×B). For every (pi, qi) ∈ P , consider
the sets Ai and Bi. Suppose |Bi| ≤ |Ai|. From Lemma 6(i),
|Ai| ≤ |Bi|+2 (A symmetric algorithm along with a symmet-
ric version of Lemma 6 is used when |Ai| ≤ |Bi| ≤ |Ai|+2).

Case 1 |Bi| = |Ai|. If pi ∈ A, qi ∈ B, then

E← E ∪M∗(Ai, Bi) ∪M∗(Ai ∪ {pi}, Bi ∪ {qi}).

If pi, qi ∈ A or if pi, qi ∈ B, then

E← E ∪M∗(Ai, Bi).

Case 2 |Bi|+ 1 = |Ai|. If pi ∈ A, qi ∈ B, then

E← E ∪M∗(Ai, Bi ∪ {qi}).

If pi, qi ∈ B, then

E← E ∪M∗(Ai, Bi ∪ {qi}) ∪M∗(Ai, Bi ∪ {pi}).

From Lemma 6(ii) both pi and qi cannot be in A.

Case 3 |Bi| = |Ai|+ 2. If pi, qi ∈ B, then

E← E ∪M∗(Ai, Bi ∪ {pi, qi}).

From Lemma 6(iii), neither pi ∈ A nor qi ∈ A.

Running time. For θ = 1/(n∆33), computing 1-optimal

matching M takes O(n3/2+δ log(n∆)) time [8]. Using the
algorithm of Section 4.1, P = {(p1, q1), . . . , (pk, qk)} and for
every (pi, qi) ∈ P , Ai and Bi can be computed in O(n1+δ)
time. G(A∪B,P ) is a planar straight-line graph and there-
fore |P | = O(n).

Let ni = max(|Ai|, |Bi|). Note that the points in Ai ∪Bi

are collinear. For every Ai, Bi, our procedure computes at
most two optimal matchings of collinear point sets, each
of size O(ni). An optimal matching for collinear points
can be computed in O(ni logni) time – this algorithm is
identical to the O(n logn) algorithm for computing opti-
mal matching for 1-dimensional point sets. For any i ̸=
j, Ai ∩ Aj = ∅ and Bi ∩ Bj = ∅(from (P2)) and there-
fore

∑
i ni = n. Computing candidate set from P takes

O(
∑

i(ni logni) + |P |) = O(n logn) time. Total time taken
by the procedure is dominated by the time taken to compute
M which is O(n3/2+δ log(n∆)).
Correctness. Lemma 7 and Lemma 8 together show that
the candidate set has the desired properties.

Lemma 7. For A,B ⊆ [∆]2, there is an optimal matching
M∗ in G(A,B) such that the candidate set E generated by
our algorithm contain M∗, i.e.,

M∗ ⊆ E.

Proof. Fix an optimal matching M∗. Given candidate
set E, we modify M∗ without increasing its cost such that
all edges of M∗ are included in E. For any Ai, Bi, let

M∗
i =

∪
(u,v)∈M∗∩Ei

(u, v)



A′
i =

∪
a∈A,(a,b)∈M∗

i

a, B′
i =

∪
b∈B,(a,b)∈M∗

i

b.

|A′
i| = |B′

i| and from Lemma 5, Ai ∪ Bi ⊆ A′
i ∪ B′

i ⊆ Ai ∪
Bi ∪ {pi, qi}. Let us assume |Bi| ≤ |Ai| ≤ |Bi| + 2. (A
symmetric argument holds when |Ai| ≤ |Bi| ≤ |Ai|+ 2).

Case 1 |Bi| = |Ai|. If pi ∈ A, qi ∈ B, then either A′
i = Ai,

B′
i = Bi or A

′
i = Ai∪{pi}, B′

i = Bi∪{qi}. If pi, qi ∈ A
or pi, qi ∈ B, then A′

i = Ai and B′
i = Bi.

Case 2 |Bi|+ 1 = |Ai|. If pi ∈ A, qi ∈ B, then A′
i = Ai, B

′
i =

Bi ∪ {qi}. If pi, qi ∈ B, then A′
i = Ai and either

B′
i = Bi ∪ {pi} or B′

i = Bi ∪ {qi}. From Lemma 6(ii),
both pi and qi cannot be in A.

Case 3 |Bi| + 2 = |Ai|. If pi, qi ∈ B, then A′
i = Ai and

B′
i = Bi ∪ {pi, qi}. From Lemma 6(iii), pi ̸∈ A and

qi ̸∈ A

For all the cases mentioned above, our algorithm adds the
optimal matching M∗(A′

i, B
′
i) to the candidate set E. Mod-

ifying M∗ ← (M∗ \M∗
i )∪M∗(A′

i, B
′
i) does not increase the

cost of M∗ since w(M∗
i ) ≥ w(M∗(A′

i, B
′
i)). Furthermore, this

modification ensures that M∗ ∩ Ei ⊆ E. Repeating this for
all i, we get M∗ ∩

∪
i Ei ⊆M∗ ∩ E ⊆ E (From (P1)). From

Lemma 3, we know that M∗ ⊆ E and therefore, it follows
that M∗ ⊆ E.

Lemma 8. Let E be the candidate set generated by our
algorithm. Then G(A ∪B,E) is a planar graph.

Proof. From (P2), we know that the graph G(A∪B,P )
has a planar embedding where each edge (pi, qi) is drawn as
the line segment piqi.
E can have multiple connected components. We show that

every connected component of G(A∪B,E) is a planar graph
by describing a planar embedding of candidate set E as fol-
lows. For Ai, Bi, let us assume |Bi| ≤ |Ai| ≤ |Bi| + 2. (A
symmetric argument holds when |Ai| ≤ |Bi| ≤ |Ai|+ 2).

Case 1 |Ai| = |Bi|. If pi ∈ A, qi ∈ B, the algorithm adds
M∗(Ai, Bi)∪M∗(Ai∪{pi}, Bi∪{qi}) to E. Apart from
a set of vertex-disjoint edges and cycles – each of which
is a planar component of G(A ∪ B,E), M∗(Ai, Bi) ∪
M∗(Ai∪{pi}, Bi∪{qi}) also consists of an alternating
pathK from pi to qi. LetK = ⟨pi, e1, e2, . . . , qi⟩. Since
every vertex on K has degree 2, K is homeomorphic
to the edge (pi, qi). Therefore, K can be drawn as
shown in Figure 5(i) so that planarity is not violated.
If pi, qi ∈ A or pi, qi ∈ B, then we add M∗(Ai, Bi).
Every edge of M∗(Ai, Bi) is a vertex-disjoint edge each
of which is a planar component of G(A ∪B,E).

Case 2 |Ai| = |Bi| + 1. If pi ∈ A, qi ∈ B, then E ← E ∪
M∗(Ai, Bi ∪ {qi}). Apart from vertex-disjoint edges,
there is an edge in the candidate set, say (qi, e

′) inci-
dent on qi. e

′ has degree 1 and therefore can be drawn
without violating planarity. See Figure 5(ii). If pi, qi ∈
B, then E← E∪M∗(Ai, Bi∪{qi})∪M∗(Ai, Bi∪{pi}).
Apart from a set of vertex-disjoint edges and cycles –
each of which is a planar component – there are two
vertex-disjoint alternating paths, one each from pi and
qi. Let K1 = ⟨pi, e1, . . . , es⟩ and K2 = ⟨qi, f1, . . . , ft⟩.
K1 and K2 can be drawn as shown in Figure 5(iii).

pi qi

e1
e2 e3 e4 pi qi

e
′

pi piqi qi

e1 es

f1ft

(i) (ii)

(iii)

e

e
′

(iv)

Figure 5. Proof of Lemma 8.

Case 3 |Ai| = |Bi|+2. If pi, qi ∈ B, then E← E∪M∗(Ai, Bi∪
{pi, qi}). Apart from a set of vertex-disjoint edges and
cycles – each of which is a planar component – there are
at most two edges, say (pi, e) and (qi, e

′). Both e and
e′ have degree 1 and therefore the edges can be drawn
without violating planarity. See Figure 5(iv). �

Lipton and Tarjan [6] present an algorithm to compute
optimal matching in a weighted bipartite planar graph in
O(n3/2 logn) time. Using their algorithm, we can compute
M∗ from G(A ∪B,E) leading to the following:

Theorem 1. For A,B ⊆ [∆]2, there is an algorithm that,
for an arbitrarily small constant δ > 0, computes the minimum-
cost Euclidean bipartite matching in G(A,B) in O(n3/2+δ log(n∆))
time.

4.1 Computing eligible edge decomposition
In this section, given a 1-optimal matching M of Gθ(A,B)

for θ = 1/(n∆33), we present an algorithm to compute an
eligible edge decomposition P = {(p1, q1), . . . , (pk, qk)} that
satisfies (P1) and (P2). For every (pi, qi) ∈ P , our algorithm
also returns sets Ai, Bi as defined in (10).

For u ∈ A ∪ B and a line ℓ, u is active with respect to ℓ
if there is an eligible edge (u, v) ∈ E with uv ⊂ ℓ. Let P be
point-line pairs such that (p, ℓ) ∈ P if and only if p is active
with respect to ℓ. First, we present a procedure to compute
P.
Computing P. Let M = {(a1, b1) . . . (an, bn)} be the 1-
optimal matching. We index points of A and B such that
points with the same index are matched to each other in
M . Consider a decomposition of M into sets {M1, . . . ,Mt}
such that two edges (ai, bi), (ah, bh) ∈M belong to the same
partition, sayMj , if and only if ai, bi, ah and bh are collinear.
Let Ai = {aj | aj ∈ A, (aj , bj) ∈ Mi} and Bi = {bj | bj ∈
B, (aj , bj) ∈ Mi}. Any point u ∈ A ∪ B is internal if u is
active only with respect to a single line ℓ, i.e., all eligible
edges incident on u lie on line ℓ. u is external if for u is
active with respect to two distinct lines ℓ and ℓ′. In Figure 4,
b2, b3, a2, and a3 are internal points and b1, a1, b4 and a4 are
external points. For any line ℓ, we direct ℓ from x = −∞
to x =∞. If the line is parallel to y-axis, we direct it from
y = −∞ to y = +∞.

Initially P = ∅. We present our procedure for points in A.
Consider any ai ∈ Aj . We describe our procedure for ai.

Let ℓj be the line containing (ai, bi). We add (ai, ℓj) to P.
Initialize B′ = B \Bj . Compute

br = argmin
b∈B\Bj

(∥aib∥ − ỹ(ai)− ỹ(b)). (12)



Suppose (ai, br) ∈ E. Let ℓ′ be the line containing aibr.
We add (ai, ℓ

′) to P, set B′ ← B′ \ {br} and repeat the
procedure. When (ai, br) ̸∈ E, we set B′ ← B \ Bj and
terminate the procedure. We execute this procedure for all
points in Aj and then repeat this procedure for every Aj .
This completes the description of our algorithm to compute
point-line pairs of P of points in A. A symmetric procedure
computes all the point-line pairs for points in B.
Lemma 9 and Lemma 10 are used in the analysis of our

procedure.

Lemma 9. Suppose (u, v) ∈ E. For every external point
p, p ̸∈ int(uv).

Proof. Suppose p ∈ int(uv). Since p is external, p is
active with respect to at least two distinct lines ℓ and ℓ′.
Without loss of generality, let us assume uv ̸⊂ ℓ. Let (p, q) ∈
E be such that (p, q) ⊂ ℓ. Then, (u, v) and (p, q) intersect
contradicting Lemma 4.

Lemma 10. There are atmost O(n) eligible edges gener-
ated by our procedure.

Proof. First, we show that at least one of the end points
of every eligible edge generated by our procedure is an ex-
ternal point. Suppose ai ∈ Aj is an internal point. Let us
assume there is an edge, (ai, bh), such that bh is internal.
By construction, bh ∈ B \ Bj and therefore, bh, ah and ai

are not collinear. This implies that bh is an external point
contradicting our assumption.
Next, we bound the total number of eligible edges with

at least one external end point. For any external point ai,
we first show that the total number of eligible edges (ai, bh)
where bh is an internal point is O(n). We claim that bh can
have at most two eligible edges to external points. For the
sake of contradiction, let bh have eligible edges to ai, ai′ , ai′′

where ai, ai′ , ai′′ are external points. bh is an internal point
and hence ai, ai′ , ai′′ and bh are collinear. Therefore, at least
one point, say ai′ , is contained in (bh, ai) or (bh, ai′′). ai′

is an external point contained in the interior of an eligible
edge contradicting Lemma 9. Therefore, there are at most
2n eligible edges with exactly one external end-point.
Next, we bound the number of eligible edges with two

external end-points. Let (ai, bh) and (ai′ , bh′) be two such
eligible edges where ai, ai′ , bh and bh′ are external points.
From Lemma 4, (ai, bh) and (ai′ , bh′) do not intersect. From
Lemma 9, (ai, bh) and (ai′ , bh′) do not overlap. Therefore,
the set of eligible edges with two external end-points induce
a planar straight-line graph. The number of eligible edges
with two external end points is O(n).

For each eligible edge, our algorithm adds one point-line
pair in P resulting in the following corollary.

Corollary 1. |P| = O(n).

Let L = {ℓ | u ∈ A∪B, (u, ℓ) ∈ P}. For any line ℓ ∈ L, let
Eℓ ⊆ E be the set of eligible edges whose both end-points
are on ℓ. Lemma 11 shows that the set of Eℓ decompose the
eligible set of edges.

Lemma 11.
∪

ℓ∈L Eℓ = E.

Proof. Suppose (u, v) is an eligible edge and (u, v) ⊂ ℓ.
If both u and v are internal, our procedure adds (u, ℓ) to P.
If either u or v, say u, is external. Our procedure computes

all eligible edges incident on u, including (u, v), and adds
the point-line pair – (u, ℓ) in the case when (u, v) is the
eligible edge – to P. In both cases, ℓ ∈ L and therefore,
(u, v) ∈

∪
ℓ∈L Eℓ.

Using a straight-forward algorithm, we compute the de-
composition of M in O(n logn) time. We maintain a dy-
namic weighted nearest-neighbor data structure on points of
B with every point v ∈ B having a weight ỹ(v). While pro-
cessing points of Aj , we first delete Bj from the data struc-
ture. We compute (12) by querying for the weighted nearest
neighbor of ai in the data structure. If (br, ai) is eligible,
we delete br from the data structure and repeat the pro-
cedure. Otherwise, we terminate the procedure for ai. We
repeat the procedure for all points ai ∈ Aj . Finally, when all
points of Aj are processed, we add points of Bj to the data
structure. Let ηij be the number of eligible edges incident
on ai. The procedure for ai executes ηij +1 queries and up-
dates. Let

∑
ai∈Aj ηij = ηj be the total number of eligible

edges between Aj and B \ Bj . For the set Aj , there are at
most O(ηj+ |Aj |+ |Bj |) queries and updates to the dynamic
weighted nearest neighbor data structure by our procedure.
Each query and update takes O(nδ) time [1]. Therefore the
total time taken over all Aj is O(

∑
j(ηj)+ |A|+ |B|). Since,

from Lemma 10,
∑

j ηj = O(n), the total time taken by our

procedure is O(n1+δ).
Algorithm to compute P . Using P, we present a proce-
dure to compute an eligible edge decomposition P . For any
line ℓ ∈ L, let Let Oℓ = {e | e is external point and
(e, ℓ) ∈ P} be the set of external points that lie on line ℓ; We
index points in Oℓ = {e1, . . . , et} in the order in which they
appear as we move along the direction assigned to ℓ. Let Aℓ

and Bℓ be the internal points of A and B that lie on line ℓ.

Initially P = ∅. For line ℓ ∈ L, let {A1
ℓ , . . . , A

(t+1)
ℓ } (resp.

{B1
ℓ , . . . , B

(t+1)
ℓ }) be a partition of Aℓ (resp. Bℓ)– every

point in Aj
ℓ (resp. Bj

ℓ ) is an internal point of A (resp. B)
that lies on the line segment ej−1ej (A1

ℓ and B1
ℓ lie between

x = −∞ and e1; A
t+1
ℓ and Bt+1

ℓ lie between et and x =∞).

Let Ej
ℓ be the set of eligible edges whose end-points are in

Aj
ℓ ∪Bj

ℓ ∪ {ej , ej+1}.
Consider

F i
ℓ =

∪
(a,b)∈Ei

ℓ

ab (13)

Suppose F i
ℓ is a set of r disjoint intervals whose end points

are {(p1, q1) . . . (pr, qr)}. We set P ← P ∪ {(p1, q1), . . . ,
(pr, qr)}. We repeat this for every i and every line ℓ ∈ L.
This completes the description of our algorithm for com-
puting an eligible edge decomposition P . For every interval
(pi, qi) in P , we can generate the corresponding Ai, Bi by
simply scanning P.

The only non-trivial step in our procedure is computing
(13). Consider a weighted bipartite graph G(Ai

ℓ, B
i
ℓ), where

the cost of an edge (a, b) is ∥ab∥− ỹ(a)− ỹ(b). We compute
the minimum spanning tree T of G(Ai

ℓ, B
i
ℓ). Next, we re-

move all edges of T that are ineligible. The resulting graph is
a forest F = {T1, . . . , Ts}. We merge two trees in Ti, Tj ∈ F ,
if the intervals corresponding to the union of the edges in
Ti and Tj overlap. This set of intervals – one each for every
tree in F – corresponds to the set of intervals of (13).

Minimum spanning tree of a complete bipartite graph on
collinear points takes O(n logn) time. Detecting and merg-



ing trees whose boundaries overlap can be done using dy-
namic binary search tree data structure in a straight-forward
way in O(n logn) time.
Proof of (P1): For any eligible edge (u, v) ∈ E, from
Lemma 11, there is a line ℓ ∈ L, such that (u, v) ∈ Eℓ. We
claim that there is an i such that (u, v) ∈ Ei

ℓ. For the sake
of contradiction, let us assume there is an edge (u, v) ∈ Eℓ,
such that for some i, u ∈ Ai

ℓ∪Bi
ℓ and v ̸∈ Ai

ℓ∪Bi
ℓ∪{ei, ei+1}.

Since all edges of Eℓ are collinear by construction, there is
an external point, either ei or ei+1 that lies between u and
v. This contradicts Lemma 9. Therefore, u, v ∈ Ei

ℓ. By
construction, u, v are in the same interval of F i

ℓ , say (pj , qj).
Since (pj , qj) ∈ P , and uv ⊆ pjqj , we have (u, v) ∈ Ei. This
is true for every edge (u, v) ∈ E and therefore

∪
i Ei = E.

Proof of (P2): Suppose there are two pairs (p, q), (p′, q′) ∈
P such that (p, q) intersects with (p′, q′). Let e be the point
of intersection and let e ∈ int(pi, qi). Suppose e ̸∈ A ∪ B,
then from Lemma 12, we have e ∈ int(uv) ∪ int(u′v′) for
(u, v), (u′, v′) ∈ E and uv ⊆ pq and u′v′ ⊆ p′q′. (u, v) and
(u′, v′) intersect contradicting Lemma 4. Suppose e ∈ A∪B
and e ̸∈ int(a, b) for all (a, b) ∈ E. Then, by construction,
e is an external point – there is one eligible edge (e, v) such
that ev ⊆ pq and one eligible edge (e, v′) such that ev′ ⊆ p′q′.
By construction, every point on the line segment joining p
and q are internal contradicting e being an external point.
Now we argue that (p, q) does not overlap with (p′, q′).

Without loss of generality, let us assume that q ∈ p′q′. If q
is an external point, then P will contain (p′, q) and (q, q′)
and not (p′, q′) reaching a contradiction. Therefore q should
be an internal point. Let p, q, p′ and q′ lie between the same
two external points, say ei, ei+1. Since the algorithm that
constructs P combines all edges of Ei

ℓ that overlap, we will
have p, q, p′ and q′ belong to the same interval, say (p′′, q′′) ∈
P . Thus, we reach a contradiction of our assumption that
(p, q) (p′, q′) are in P .

Lemma 12. Let P be an eligible edge decomposition gen-
erated by our algorithm. For any (pi, qi) ∈ P , suppose
e ∈ piqi then there is an eligible edge (u, v) ∈ Ei such that
e ∈ uv.

Proof. By construction, each (pi, qi) is an interval in the
union of eligible edges of Ej

ℓ for some j, ℓ. Therefore, there
is an eligible edge (u, v) ∈ E such that e ∈ uv.

5. CONCLUSION
We present an algorithm to compute a minimum-cost Eu-

clidean bipartite matching ofA,B ⊆ [∆]2 inO(n3/2+δ log(n∆))
time. First, using the algorithm of [8], our algorithm com-
putes an approximately optimal matching. This is done by
optimally solving an approximate linear program. Using
the geometric properties of the dual weights computed for
this approximate linear program, our algorithm computes
a small candidate set E such that there is a minimum-cost
matching M∗ ⊆ E and G(A∪B,E) is a planar graph. Then,
using the algorithm presented in [6], our algorithm computes
an optimal matching in G(A ∪B,E).
We conclude by stating the following open problems.

• Is there a sub-quadratic algorithm to compute a minimum-
cost Euclidean bipartite matching of sets A,B ⊂ R2?

• Is there an algorithm to compute minimum-cost Eu-
clidean bipartite matching of point sets A,B ⊆ [∆]d in
O(dn2.5 log(n∆)) time?
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