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Synchronous and asynchronous assimilation

Synchronous, or “3D” assimilation = observations are assumed to
be taken at the assimilation time

Asynchronous, or “4D” assimilation = observations can be taken
at time different than the assimilation time
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Historical overview

◮ Ensemble smoother (ES) (van Leeuwen and Evensen, 1996)

◮ Ensemble Kalman smoother (EnKS) (Evensen and van
Leeuwen, 2000)

◮ 4DEnKF (Hunt et al., 2004)

◮ 4D-LETKF (Hunt et al., 2007)
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EnKF update and ensemble observations

The linear update equations:

xa − xf ≡ δx = Af Gs,

Aa − Af ≡ δA = Af T

where s = R−1/2(y − Hxf )/
√

m − 1

The gain writes as

G = (I + STS)−1ST

= ST(I + SST)−1

where S ≡ R−1/2HAf /
√

m − 1.

EnKF: T = G(D − S)

ETKF: T = (I + STS)−1/2 − I

DEnKF: T = −1

2
GS

HEf

�� &&MM
MM

MM R

����
��

��
��

��
�

��
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

y

��

HAf

��

Hxf

��
99

99
99

99
99

S

��
''NNNNNNNN

G // T s



EnKF update and ensemble observations

The linear update equations:

xa − xf ≡ δx = Af Gs,

Aa − Af ≡ δA = Af T

where s = R−1/2(y − Hxf )/
√

m − 1

The gain writes as

G = (I + STS)−1ST

= ST(I + SST)−1

where S ≡ R−1/2HAf /
√

m − 1.

EnKF: T = G(D − S)

ETKF: T = (I + STS)−1/2 − I

DEnKF: T = −1

2
GS

HEf

�� &&MM
MM

MM R

����
��

��
��

��
�

��
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

y

��

HAf

��

Hxf

��
99

99
99

99
99

S

��
''NNNNNNNN

G // T s



EnKF update and ensemble observations

The linear update equations:

xa − xf ≡ δx = Af Gs,

Aa − Af ≡ δA = Af T

where s = R−1/2(y − Hxf )/
√

m − 1

The gain writes as

G = (I + STS)−1ST

= ST(I + SST)−1

where S ≡ R−1/2HAf /
√

m − 1.

EnKF: T = G(D − S)

ETKF: T = (I + STS)−1/2 − I

DEnKF: T = −1

2
GS

HEf

�� &&MM
MM

MM R

����
��

��
��

��
�

��
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

y

��

HAf

��

Hxf

��
99

99
99

99
99

S

��
''NNNNNNNN

G // T s



EnKF update and ensemble observations

The linear update equations:

xa − xf ≡ δx = Af Gs,

Aa − Af ≡ δA = Af T

where s = R−1/2(y − Hxf )/
√

m − 1

The gain writes as

G = (I + STS)−1ST

= ST(I + SST)−1

where S ≡ R−1/2HAf /
√

m − 1.

EnKF: T = G(D − S)

ETKF: T = (I + STS)−1/2 − I

DEnKF: T = −1

2
GS

HEf

�� &&MM
MM

MM R

����
��

��
��

��
�

��
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

y

��

HAf

��

Hxf

��
99

99
99

99
99

S

��
''NNNNNNNN

G // T s



Evolution of corrections

Let us assimilate observations at t0

δx0 = Af
0 G0 s0

δA0 = Af
0 T0

Let M01 be the tangent linear propagator along the forecast system
trajectory between t0 and t1:

δx1 = M01 δx0 + O
(

‖δx0‖2
)

At t1 the corrections become:

δx1 ∼ M01 δx0 = M01A
f
0G0 s0 ∼ Af

1 G0 s0

δA1 ∼ M01 δA0 = M01A
f
0T0 ∼ Af

1 T0
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Parallel assimilation of asynchronous data with the EnKF

s = [sT
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k ]T

S = [ST
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EnKS
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4DEnKF
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Asynchronous assimilation: resume

◮ Recipe: use ensemble observations stored at observation
times, as in “4D-LETKF” description (Hunt et al., 2007)

◮ This method is scheme-independent

◮ It is essentially equivalent to the EnKS solution (Evensen and
van Leeuwen, 2000)

◮ It is well suited for using with local analysis but not with
covariance localisation

◮ No tangent linear or adjoint model required

◮ Do not use “4DEnKF” (Hunt et al., 2004)
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