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ABSTRACT

The adjoint and linearity models in the traditional four dimensional variational data
assmilation (4ADVAR) are difficult to obtain if the forecast model is highly nonlinear or the
model physics contains parameterized discontinuities. A new method (referred to as POD-
E4DVAR) is proposed in this paper by merging the Monte Carlo method and the proper
orthogonal decomposition (POD) technique into the 4DVAR in order to transform an implicit
optimization problem into an explicit one. The POD method is used to efficiently approximate a
forecast ensemble produced by the Monte Carlo method in a 4-dimensional (4-D) space using a
set of base vectors that span the ensemble and capture its spatial structure and temporal evolution.
After the analysis variables being represented by a truncated expansion of the base vectorsin the
4-D space, the control (state) variables in the cost function appear explicitly, so that the adjoint
model, which is used to derive the gradient of the cost function with respect to the control
variables in the traditional 4DV AR, is on longer needed. The application of this new technique
significantly simplifies the data assimilation process and retains the two main advantages of the
traditional 4ADVAR method. Assimilation experiments show that this ensemble-based explicit
4DV AR method performs much better than the traditional 4DVAR and ensemble Kalman filter
(EnKF) method. It is aso superior to another explicit 4DVAR method, especialy when the
forecast model is imperfect and the forecast error comes from both the noise of the initial field
and the uncertainty in the forecast model. Computational costs for the new POD-E4ADVAR are
about twice as the traditional 4ADVAR method, but 5% less than the other explicit ADVAR and

much lower than the EnKF method.
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1. Introduction

The four dimensional variational data assimilation (4DVAR) method [Johnson et al.,
2006; Kalnay et al., 2007; Tsuyuki and Miyoshi, 2007] has been a very successful technique used
in operational numerical weather prediction (NWP) at many weather forecast centers [Bormann
and Thepaut, 2004; Park and Zou, 2004; Caya €t al., 2005; Bauer et al., 2006; Rosmond and Xu,
2006; Gauthier, 2007]. The 4DV AR technique has two attractive features: 1) the physical model
provides a strong dynamica constraint, and 2) it has the ability to assimilate the observational
data at multiple times. However, 4DVAR 4till faces numerous challenges in coding, maintaining
and updating the adjoint model of the forecast model and it requires the linearization of the
forecast model. Usually, the control variables (or initial states) are expressed implicitly in the
cost function. In order to compute the gradient of the cost function with respect to the control
variables, one has to integrate the adjoint model, whose development and maintenance require
significant resources, especially when the forecast model is highly nonlinear and the model
physics contains parameterized discontinuities [Xu, 1996; Mu and Wang, 2003]. Many efforts
have been devoted to avoid integrating the adjoint model or reduce the expensive computation
costs [Courtier et al., 1994; Kalnay et al., 2000; Wang and Zhao, 2005], Nevertheless, the
linearity of the forecast model is still required in al these methods. On the other hand, the usual
ensemble Kalman Filter (ENKF) [e.g., Evensen, 1994, 2003; Kalnay et al., 2007; BeezZley and
Mandel, 2008; aso see Appendix A] has become an increasingly popular method because of its
simple conceptua formulation and relative ease of implementation. For example, it requires no
derivation of atangent linear operator or adjoint equations, and no integrations backward in time.
Furthermore, the computational costs are affordable and comparable with other popular and

sophisticated assimilation methods such as the 4ADVAR method. By forecasting the statistical
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characterigtics, the EnKF can provide flow-dependent error estimates of the background errors
using the Monte Carlo method, but it lacks the dynamic constraint as in the 4ADVAR. Heemink
[2001] developed a variance reduced EnKF method by using a reduced-rank approximation
technique to reduce the huge amount of computer costs. Farrell and loannou [2001] also
proposed a reduced-order Kalman filter by the balanced truncation model-reduction technique.
Uzunoglu et al. [2007] modified a maximum likelihood ensembl e filter method [Zupanski, 2005]
through an adaptive methodology. Generaly, these three methods mentioned above belong to the
Kaman filters. Vermeulen and Heemink [2006] have attempted to combine 4DVAR with the
EnKF; however, the linearity model is still needed in their method. How to retain the two
primary advantages of the traditional 4DV AR while avoiding the need of an adjoint or linearity
model of the forecast model has become a roadblock in advancing data assimilation. Recently,
Qiu et al. [Qiu and Chou, 2006; Qiu et al., 2007a,b] proposed a new method for 4ADVAR (more
details below) using the singular value decompoasition (SVD) technique based on the theory of
the atmospheric attractors. Cao et al. [2006] has applied the proper orthogonal decomposition
(POD) technique [Ly and Tran, 2001, 2002; Volkwein, 2008] to 4DV AR to reduce the forecast
model orders while reducing the computational costs, but the adjoint integration is still necessary
in their method.

Here we resort to the idea of the Monte Carlo method and the POD technique. The basic
idea of the POD technique is to start with an ensemble of data, called snapshots, collected from
an experiment or anumerical procedure of a physical system. The POD technigue is then used to
produce a set of base vectors which span the snapshot collection. The goa is to represent the
ensemble of the data in terms of an optimal coordinate system. That is, the snapshots can be

generated by a smallest possible set of base vectors. Based on this approach, an explicit new
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4DVAR method is proposed in this paper: it begins with a 4-D ensemble obtained from the
forecast ensembles at all times in an assimilation time window produced using the Monte Carlo
method. We then apply the POD technique to the 4-D forecast ensemble, so that the orthogonal
base vectors can not only capture the spatial structure of the state but also reflect its temporal
evolution. After the model status being expressed by a truncated expansion of the base vectors
obtained using the POD technique, the control variables in the cost function appear explicitly, so
that the adjoint or linearity model is no longer needed.

Our new method was motivated by the need to merge the Monte Carlo method into the
traditional 4ADVAR in order to transform an implicit optimization problem into an explicit one.
Our method not only simplifies the data assimilation procedure but aso maintains the two main
advantages of the traditiona 4DVAR. This method is somewhat similar to Qiu et a.’s SVD-
based method (referred to as SVD-E4DV AR heresfter, see Appendix B for details) because they
both begin with a 4-D ensemble obtained from the forecast ensembles. However, they differ
significantly in several aspects as discussed in section 2. Hunter et al. [2004], John and Hunter
[2007] and Szunyogh et al. [2008] aso developed a 4-D ensemble Kalman filter that infers the
linearity model dynamics from the ensemble instead of the tangent-linear map as done in the
traditional 4ADVAR, in which the model states are expressed by the linear combinations of the
ensemble samples directly rather than some orthogonal base vectors of the ensemble space. This
method is also largely Kalman filtering, with the generation of its ensemble space being different
from our method.

We conducted several numerical experiments using a one-dimensiona (1-D) soil water
equation and synthetical observations to evaluate our new method in land data assimilation.

Comparisons were also made between our method, the SVD-E4ADVAR [Qiu and Chou, 2006;
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Qiu et al., 2007a,b], traditional 4ADVAR, and EnKF method. We found that our new ensemble-
based explicit ADVAR (referred to as POD-EADVAR) performs much better than the usual
EnKF method in terms of both increasing the assimilation precision and reducing the
computational costs. It is also better than the traditiona 4DVAR and the SVD-E4DVAR,
especialy when the forecast model is not perfect and the forecast error comes from both the
noise of theinitia field and the uncertainty in the forecast model.

2. Methodology
In principle, the traditiona, implicit ADVAR (referred to as I4ADVAR) analysis of Z.; is
obtained through the minimization of a cost function J that measures the misfit between the

model trajectory H,(x ) and the observation y, at aseriesof timest, ,t=12,--,m:
- - -7 1,7 - m - -~ 9T = -
J(Xo) =(Xo—Xo) B~ (xO—xb)+Z[yi—Hi(xi)] R [yi—Hi(xi)], (D)
i=0
with the forecast model M, ,, imposed as strong constraints, defined by

X =Mg_, (%), )
where the superscript T stands for a transpose, bis a background value, index k denotes the
observational time, H, is the observational operator, and matrices B and R are the background
and observational error covariances, respectively. The control variable isthe initial conditions g
(at the start of the assimilation time window) of the moddl. In the cost function (1) the control

variable g is connected with E through forwarding the model (2) and expressed implicitly,

which makes it difficult to compute the gradient of the cost function with respect to % .

Assuming there are S time steps within the assimilation time window (O, T). Generate N

random perturbation fields using the Monte-Carol method and add each perturbation field to the
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initial background field at t=t, to produce N initid fields in(to),nzlz,---N . Integrate the
forecast model Xa(t) =M, (Xa(t_,)) with the initial fields xa(t,)(n=1,2,---N) throughout the
assimilation time window to obtain the state series X (t) (i=0,1---S—1) and then construct the
perturbed 4-D fields (snapshots) X (n=1,2,---N) over the assimilation time window:

X = (Xn(ty), Xn(t), - Xn(ts 1)) ,N=1,2,---N.. ©)
It is obvious that such vectors can capture the spatial structure of the model state and its temporal
evolution. All the perturbed 4-D fields Yn(n =12,---N) can expand a finite dimensiona space

—

Q(X1X2--Xn) . Similarly, the analysis field Xa(t;)(i =0,1,2,--- S—1) over the same assimilation
time window can also be stored into the following vector:

Xa = (Xa(to), Xa(t,), -, Xa(ts 1)) - ©
When the ensemble size N is increased by adding random samples, the ensemble space could
cover the anaysis vector Xa, i Xais approximately assumed to be embedded in the linear

e — —
space Q(X1Xz2---Xn). Let Xem(n=212,---K,K <N) be the base vectors of this linear space

g —— —
Q(X1X2---Xn), the analysis vector Xa can be expressed by the linear combinations of this set

of base vectorssinceit isin this space, i.e.

Xa= i B X, (5)

n=1
Substituting (4) and (5) into (1), the control variable becomes = (4,---B;)" instead of i(to),

so the control variable is expressed explicitly in the cost function and the computation of the

gradient is simplified greatly. The linearity or adjoint model is no longer required. To minimize
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the cost function, Eg. (1) is transformed into an explicit optimization problem with the variable
vector = (f,--- ;)" , which can be solved by the usua optimization algorithms, such as the
quasi-Newton method. It is noted that, unlike EnKF, only one analyzed field is obtain in each
anaysis procedure in the POD-E4DV AR and the initial condition should be perturbed at the start
time of the assimilation in each cycle.

How to obtain the appropriate base vectors remains the only task left. We found that the
POD technique is a good choice for doing this. It can produce a set of base vectors spanning the
ensemble of datain certain least squares optimal sense (see Appendix C).

The average of the ensemble of snapshotsis given by

— 1N
x_ﬁan, (6)

P
We form anew ensemble by focusing on deviations from the mean as follows

SX,=Xn=X,n=1--N, (7)
which form the matrix A(M xN), where M =M XM xS, and M ,M, are the number of the
model spatial grid points and the number of the model variables respectively. To compute the
POD modes, one must solvean M xM eigenvalue problem:

(AA )y V = AV

In practice, the direct solution of this eigenvalue problem is often not feasibleif M >> N, which

occurs often in numerical models. We can transform it into an NxN eigenvalue problem

through the following transformations:

(AAT) V)" = (V)"

VIATA=VTAT,
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ATAV =2V .
In the method of snapshots, one then solvesthe N x N eigenvalue problem
TV, =AV,,k=1---N, )
where T = (AT A) .y » Vi is the kth column vector of V and 4, is the kth row vector of A .

The nonzero eigenvectors 4, (1<k < N) may be chosen to be orthonormal, and the POD modes

aregivenby ¢, = AV, /\/Z (1<k<N).
The truncated reconstruction of analysis variable in the four dimensional space Xa is given

by

. _ P
Xa=X+> o0, (9)
j=1

where P (the number of the POD modes) is defined as follows

>4
P=min{P,I(P)=2—:1(P)=y},0< y<1. (10)
i=1
It is well known [Ly and Tran, 2001, 2002] that the expansion (9) is optimal. In particular,
among all linear combinations (including the linear combinations based on the SVD base
vectors), the POD is the most efficient, in the sense that, for a given number of modesP, the

POD decomposition captures the most possible kinetic energy. The solution for the analysis

problem is approximately expressed by a truncated expansion of the POD base vectorsin the 4-D

space. Substituting (9) and (4) into (1), the control variable becomes « = (¢, &,,-++, )" instead

of Xo, S0 the control variable is expressed explicitly in the cost function and the linearity or

adjoint model is not needed any more.
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The two explicit methods (the SVD- and POD-based methods) share some similar
features. for example, they both begin with a 4-D ensemble and do not need the linearity or
adjoint model. However, the POD-E4ADVAR method differs from the SVD-E4DVAR
significantly in three aspects. 1) the 4-D sample in the SVD-E4DV AR method is only composed
of the state vectors at the observational times over the assimilation time window, while it is
composed of the state vectors at all the time steps over the assimilation time window in the POD-
E4DV AR method. The latter contains the most possible forecast information in the assimilation
time window. 2) The SVD technique is used to generate the set of base vectors in the SVD-
E4ADVAR, while the POD-E4DV AR adopts the POD method, which captures the most possible
kinetic energy of the ensemble space because of its optimality. And 3) The application of matrix
transformation technique in the POD-E4DVAR greatly lowers the computational costs by
reducing the decomposition intoan Nx N eigenvaue problem (N << M ).

3. Numerical experiments

In this section, the applicability of this new method is evaluated through severa
assimilation experiments with a simple 1-D soil water equation model used in the NCAR
Community Land Model (CLM) [Oleson et al., 2004]. In addition, we also compare assimilation
results using the SVD-E4DVAR, 14DVAR, and EnKF methods.
3.1. Set-up of experiments

The volumetric soil moisture (6) for 1-D vertical water flow in a soil column in the CLM

is expressed as
8_9:_%_E_Rfm , (11)
ot 0z

10
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where q isthe vertical soil water flux , E isthe evapotranspiration rate, and R, isthe melting
(negative) or freezing (positive) rate, (for simplicity, E, R, are taken as zero in the experiments),

and z isthe depth from the soil surface. Both g and z are positive downward.

The soil water flux q isdescribed by Darcy’s law [Darcy, 1856]:

q :_ka((p+ 2)

0z (12)

2b+3 -b
where kzks[gJ is the hydraulic conductivity, and (pzq){gJ is the soil matric

S S

potentia , k., ¢, ,6, and b are constants. The CLM computes soil water content in the 10 soil
layers through (11-12) (see [Oleson et al., 2004] for details). The upper boundary condition is

d(p+2)

: 12b
> (120)

0 (1) =—k

z=0
where g,(t) isthewater flux at the land surface (referred to asinfiltration), and the lower
boundary conditionis g =0. Thetime step At is1800 s (0.5 hour).

We took a site at (47.43°N, 126.97°E) as the experimental site. The soil parameters
K, 9,6, and b at this site were calculated by the CLM using the high-resolution soil texture
data released with the CLM by NCAR: 6, =0.46m*/m°, k,=2.07263E-6 m/s, b =8.634, ¢, =-
3.6779m. We then ran the model at the site forced with observation-based 3-hourly forcing data
[Qian et al., 2005; Tian et al., 2007] from January 1, 1992 to December 31, 1993 after ten-year
spinning-up to obtain a two-year time series of simulated infiltration (i.e., the water flux q at the
surface, c.f., Eq.(12b)) for driving the soil water hydrodynamic equation (11). We used the first
year (January 1, 1992 to December 31, 1992) data of CLM-simulated infiltration as the “perfect”

infiltration series, and took the second year data as the “imperfect” infiltration series (Fig. 1). In

11
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our experiments, we integrated the soil water hydrodynamic equation (11) forced by the two
infiltration time series for 365 days separately: Eq. (11) forced by the “perfect” infiltration series
represents the perfect forecast model, whose forecast error comes only from the noise in the
initial (soil moisture) field; on the contrary, Eq. (11) forced by the “imperfect” infiltration series
acts as the “imperfect” forecast model, whose forecast error comes from not only the noise of the
initial field but also the uncertainty in the forecast model itself.

Figure 2 shows the “imperfect” and the “perfect” initial soil moisture profiles (which are
obtained by randomly taking two arbitrary CLM-simulated soil moisture profiles in the process
of the infiltration series producing), which denote the initial fields with and without noise. The
“perfect” (or “true”) state was produced by integrating the “perfect” model with the “perfect”
initial soil moisture profile for 365 days. The “observations’ were generated by adding 3%
random error perturbation to the time series of the “perfect” state (i.e., “observation” =
(1+ €)) x “perfect”, wheree is a real random number varying from -3% to 3%), and these
“observations” were assimilated using the various methods in the assimilation experiments (but
not in the forecast experiments). In addition, two separate forecast states were produced by
integrating the perfect and imperfect models with the “imperfect” initia soil moisture separately:
for the former case, the forecast error comes only from the noise in the initia field, but in the
|atter case it comes from both the noise and the uncertainty in the forecast model.

The length of an assimilation time window in our experiments is one day (48 time steps),

ie. S=48 . The size of Xn=(X(t),Xn(t,), - Xn(ts,)) in our method is 480,
wherexa(t;) = (6,,(t), 6,,(t),-- 6,10 (t;)) and M o =10,M, =1. The background and observational

error covariance matrices used in the E/[4DV AR methods can be obtained by using the ensemble
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covariance matrices defined by Egs. (a4) and (a8) in Appendix A, respectively. We
used ¥ =0.90 in our experiments.

Two groups of experiments were done: The perfect model with the “imperfect” initid field
as Group 1 and the imperfect model with the “imperfect” initial field as Group 2. Three
observation sampling frequencies (hourly, 2-hourly, and 3-hourly) were tested in each group’s
experiments. The ensemble size used in the POD- and SVD-E4DVAR and EnKF methods was
60 in this study (the impact of the ensemble size on the assimilation results will be discussed in
another study). The linearization of the soil moisture equation (11) follows the format in Zhang
et al. [2001].

3.2. Experimental results
To evauate the performance of the four algorithms (POD/SVD-E4DVAR, 14DVAR and

EnKF), arelative error is defined as follows

S-1 MgxM,

3 (X () -xi ()’

L (13)

xM,,

- (4 (1) =% (1)

E, =0
0551 s-1 My

E
where the index t, , , denotes an assimilation time window (one day in our experiments), S is
the length of an assimilation window (S=48 in our experiments), f and a denote the forecast
state (without assimilation of the “observations’) and the analysis state, respectively, t
represents the “true” (“perfect”) state. Thus, a relative error of 1% for a given assimilation
method would mean that the mean error of the analyzed soil moisture is only 1% of that in the
forecast case.

Figures 3-4 show that the POD/SV D-E4DV AR methods perform much better than the EnKF

and the 14DVAR methods in both groups of experiments. The two explicit ADVAR methods
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perform almost same in Group 1 experiments. Their relative errors for analyzed soil moisture are
very small (less than 1%) in the case that the forecast model is perfect, in which the forecast
error comes only from the noise of the initial field (Fig. 3). However, the relative errors of the
EnKF method are many times higher than those of POD/SVD-E4DVAR, around 1~ 2% or so.
The traditional 4DVAR method performs even worse than the EnKF, which is consistent with
the results of Reichle et al. [Reichle and Entekhabi, 2001; Reichle & al., 2002a,b]. This is
expected because the soil water hydrodynamic equation (11) is a highly nonlinear system and the
tangent linearization operator used in the usual 4DV AR can only propagate ana yticaly with the
first-order precision, which introduces large errors in variable estimation and leads to sub-
optimal performance.

When the forecast model is imperfect, its forecast error comes from both the noise of the
initial field and the uncertainty in the model itself. The relative errors of the four methods all
become lager in this case (Fig. 4), presumably due to the reduced effect of data assimilation
under a poorly constrained model. Nevertheless, the relative errors for the POD-E4ADAVR are
substantially smaller than those of the other methods, including the SVD-E4DVAR which
performs similarly with the EnKF in this case: most of the POD-E4ADV AR relative errors are still
controlled in the magnitude between 0 and 6 %, however many of the relative errors of I4ADVAR
(also the SVD-E4DVAR) method are higher than 6%, and some are even up to 10%; It isaso a
bit surprising that the SVD-based method is apparently inferior to the POD-E4DVAR in some
assimilation time windows and even worse than the EnKF method (Fig. 4). Figs.3-4 also show
that the observation frequency has larger impacts in the 14DVAR method than in the POD-

E4DVAR method.

14



320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

For the two goups of experiments, the ratio of the computational costs for the four methods
(POD-E4DVAR: SVD-EADVAR: 14DVAR : EnKF) is about 1 : 1.05 : 0.5 : 30. The high
computational cost in EnKF method is mainly due to the fact the analysis process composed of
huge matrix computations has to be conducted repeatedly at every time step in the assimilation
time window, while that in POD-E4DV AR is performed only once in each cycle correspondingly.
The 5% reduction in the POD-E4DVAR compared with the SVD-E4DVAR results from the
application of the matrix transformation technique described in section 2. The main
computational costs of the POD-E4ADVAR come from the ensemble integrations over the
assimilation time window, which can be done on paralel computers. Thus, the additional costs
of the POD-E4DV AR compared with the traditional 4DV AR should not result in real difficulties,
and it still costs only one thirtieth of that of the EnNKF method in our experiments.

4. Summary and concluding remarks

To retain the main strength of traditional 4DV AR while avoiding the need of an adjoint or
linearity model of the forecast model in data assimilation, we have developed an ensemble-based
explicit ADVAR method in this paper (called POD-EADVAR). This new method merges the
Monte Carlo method and the proper orthogonal decomposition (POD) technique into the ADVAR
to transform an implicit optimization problem into an explicit one. The POD method efficiently
approximates a forecast ensemble produced by the Monte Carlo method in a 4-D space using a
set of base vectors that span this ensemble and capture its spatial structure and temporal
evolution. After the analysis variables being represented by a truncated expansion of the base
vectors in the 4-D space, the control (state) variables in the cost function appear explicitly, so
that the adjoint model, which is used to derive the gradient of the cost function with respect to

the control variables in traditional 4DVAR, is on longer needed. This new method significantly
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simplifies the data assimilation process and retains the two main advantages of the traditional
4DV AR (i.e., dynamic constraint and assimilation of observations).

Several numerical experiments performed with asimple 1-D soil water equation show that
the new POD-E4DVAR method performs much better than the traditional 4ADVAR and EnKF
method with assimilation errors being reduced to a fraction of the latter two. It is aso superior to
the SVD-E4ADVAR, another explicit 4ADVAR method developed by Qiu et al. [2007ab],
especially when the forecast model is imperfect and the error comes from both the noise of the
initial field and the uncertainty in the forecast model. In our experiments, the traditional (implicit)
4DV AR method performs worst, which is due to errors associated with the tangent linearization
operator used in the usual 4DV AR that only propagates analytically with the first-order precision.
The results show that the POD-E4ADVAR method provides a promising new tool for data
assimilation.

Several issues, such as the impacts of the ensemble size and the initia perturbation fields
on the assimilated results and the actual performance of this new method in real numerical
forecast models, still need to be addressed. Another potential issue existing in our method should
be specialy mentioned: since this method begins with a 4-D ensemble obtained from the
perturbed ensembles, the quality of the results relies on the perturbation method a lot. How to
generate a reasonable perturbed field is a critical step in using this method, which also requires
further investigation.
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Appendix A: The Ensemble Kalman Filter (EnKF) Method
A.1l Ensemble representation for covariance matrix

One can define the matrix holding the ensemble members x € R as

A= (X1, Xz, -, Xn) € R™, (al)
where N isthe number of ensemble membersand n isthe size of the model state vector.

The ensemble mean is stored in each column of A which can be defined as

A= AL, @2

where 1, e R™" is a matrix in which each element is equal to 1/ N . One can then define the
ensembl e perturbation matrix as

A=A-A=A(-1)), @3)

The ensemble covariance matrix P,e R™" can be defined as

(a4)

A.2 Measurement perturbations
Given avector of measurements ye R™, with m being the number of measurements, one
can define N vectors of perturbed observations as
Y, =y+e,i=12N, (@5)
which can be stored in the columns of a matrix

Y= (Y, Yor s Yy ) € R™Y, (@6)
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while the ensemble of perturbations, with ensemble mean equal to zero, can be stored in the
matrix

E=(g,&, &) R™, @7)
from which we can construct the ensembl e representation of the measurement error covariance
matrix

EET
N-1’

R = (a8)

A.3 Analysisequation
The analysis equation, expressed in terms of the ensemble covariance matrices, is

A= A+PHT(HPHT +R)™(D-HA). (a9)
Using the ensembl e of innovation vectors defined as

D =D-HA, (a.10)
and the definitions of the ensemble error covariance matricesin Egs.(a.4) and (a.8), the analysis
can be expressed as

A*=A+AATHT(HAATHT +EE")'D. (a11)
When the ensemble size, N, is increased by adding random samples, the analysis computed

from this equation will converge towards the exact solution of Eq.(a.9) with P, and R, replaced

by the exact covariance matrices Pand R.

Appendix B: The SVD-E4DVAR Method

Assuming there are m observations Y/i (i=01---,m-Dat time t=t,,---,t,---,t,, during

the assimilation time window. Generate N random perturbation fields and add each to the initial

background field and integrate the model to produce a perturbed 4-D field over the anaysis time

window. The i th difference field isthen given by 8x = x —x, at time t=t,,--,t,---,t, ,, where

m-17
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Xo, X denote the background and the perturbed fields, respectively. Consider an ensemble of
column vectors represented by matrix A=(5X1,8X2,---6Xn), Where the i th column vector
5Xi represents the ith sampled data field in a discrete four-dimensional analysis space. The
length of vector 5Xi is M, xM, xm, where M ,M, are the number of the model spatial grid
points and the number of the model variables, respectively. The SVD of A yields

A=BAV', (b.1)
where Ais a diagonal matrix composed of the singular values of A with 4, >4,>---> 4, and

=4

f+2

=--=0, r<min(M xM xm,N) , is the rank of A, B and V are orthogonal
matrices composed of the left and right singular vectors of A, respectively . The SVD in (b.1)
gives C= ATA=VAY" and Q= AA" = BA?B". Thus, the i th column vector of V , denoted by
V., isthe ith eigenvector of C, while the jth column vector of B, denoted by b, , is the jth

column vector of Q and is cdled the singular vector of A.

The truncated reconstruction of anaysis variable Xain4-D spaceisgiven by
. . P
Xa=Xo+Y ab, (b.2)
i=1

where P(<r) isthe truncation number, which can be obtained through Eq.(10) in section 2,
Xb = (Xo, Xo,++, Xo) iScomposed of m vectors (X ).

Substituting (b.2) into Eqg. (1) in section 2, the control variable becomes « instead of Xo, SO
the control variable is expressed explicitly in the cost function.
Appendix C:The Proper Orthogonal Decomposition

Continuous case
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Let Ui(§<),i:],2,---N denote the set of N observations or simulations (also called

snapshots) of some physical process taken at position x = (%, y) . The average of the ensemble

snapshotsis given by

ZN;ui (x), (c.1)

u-L
N =

We form new ensemble by focusing on deviation from mean as follows:
vV =U,-U, (c.2)
We wish to find an optimal compressed description of the sequence of data (c.2). One
description of the processis a series expansion in terms of a set of base functions. Intuitively, the
base functions should in some sense be representative of the members of the ensemble. Such a
coordinate system, is provided by the Karhunan Loéve expansion, where the base functions ®
are, in fact, admixtures of the snapshots and are given by:
N -
=% (. (c3)

Here, the coefficients a are to be determined so that @ given by (c.3) will resemble the

ensemble {\/i (;()}: most closely. More specifically, we look for afunction @ to maximize

Sl DF, (c4)

subjected to (®,®) =||® |F=1, where(-,-) and || - || denotethe usual L*inner product and L?-
norm, respectively.

It follows that the base functions are the eigenfunctions of theintegral equation

e x)@(x)dx = 10(¥), (c.5)

20



447

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

Substituting (c.3) into (c.5) yields the eigenvalue problem:

N

> Lia=4a, (c.6)

j=1
where L, = % (V,,V,) isasymmetric and nonnegative matrix. Thus, our problem amountsto

solving for the eigenvectors of an N xN matrix, where N isthe ensemble size of the snapshots.

Straightforward cal culation shows that the cost function
1 N
NZl(\/i,cb) f=(10,®) =4, (c7)
i=1

is maximized when the coefficients a 's of (c.3) are the elements of the eigenvector

corresponding to the largest eigenvalue of L.
Discrete case

We consider the discrete Karhunan Loéve expansion to find an optimal representation of

the ensemble of snapshots. In the two-dimensiona case, each sample of snapshots U, (X, y)

(defined on a set of nxn nodal points (x,y) ) can be expressed as an n* dimensional vector u

as follows;

Ui1

(c.8)

Ui = Uj

_ainz A
where U; denotes the jth component of the vector u; . Here the discrete covariance matrix of the
ensemble u isdefined as

C, = E{u-m)@u-my)'}, (c9)
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where

mi = E{u} (c.10)

isthe mean vector, E isthe expected value. Egs. (¢.9) and (c.10) can be replaced by

T

1| Q- -1 | — —
Caz—{Zuiuj}—m;m;
N[

and
— 1 N
Mui=—) Ui
N
respectively.
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FIGURE CAPTIONS:

FIG. 1. The “perfect” (solid line) and “imperfect” (dashed line) infiltration time series used in the
assimilation experiments.

FIG. 2. The“perfect” (solid line) and “imperfect” (dashed line) initial soil moisture profiles used
in the assimilation experiments.

FIG. 3. Relative error ( E,) for analyzed soil moisture in the assimilation experiments by the
perfect model with the “imperfect” initial field.

FIG. 4. Relative error ( E,) for analyzed soil moisture in the assimilation experiments by the

imperfect model with the “imperfect” initial field.
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FIG.1. The “perfect” (solid line) and “imperfect” (dashed line) infiltration time series used in the

assimilation experiments.

28



0.0 | ____l___--l_____l_____l 1

05 -/ T~~~ ———Imperfect _

. pd —-Perfect =

Soil depth (m)

3.0 I I I I I I
0.24 0.26 0.28 0.3 0.32 0.34

- Vol. soil mositure(m®/m®)

506 FIG.2. The “perfect” (solid line) and “imperfect” (dashed line) initial soil moisture profiles used
597  inthe assimilation experiments.

598

599

600

601

602

603

604

29



605

(a) one-hourly observations

i g
.-uu\..lm
e

1
.
N
I

:i_:i_:i_:i_::_::_::
7 T
<

—- EnKF
--- [4ADVAR
—-SVD-E4DVAR

I
A
X
.
I

~rfeeccaacacanas, !
::_: T

N LY AL LA L
N OO T ONT O

(%)10.118 BANe|eY

—POD-E4DVAR
b
Qb
d
I ‘r L L

300

200

100

(b) two-hourly observations

i:_::_i:_::_::_i:_i:
T .7

P

Feeaa /
L '
3. \
P ’
' P
. o8laaa.. l. B
O |d ‘
£ )
., .\~
] . -
oo

|||||||

|||||||

’
LT 2y

D
,,:_::_::_::_i:_::_:j

N OO ISTONT O

(%)J0119 Bnije|Yy

300

200

100

c) three-hourly observations

[

.

:
=

.
TT

© O ¥ O N T O

(%)10.119 BANe|eY

300

200

Assimilated day

100

606

FIG.3. Relative error ( E,) for analyzed soil moisture in the assimilation experiments by the
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perfect model with the “imperfect” initial field.
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FIG.4. Relative error ( E,) for analyzed soil moisture in the assimilation experiments by the

imperfect model with the “imperfect” initial field.
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