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ABSTRACT

One of the main hypothese made in variational data assimilation is to consider that the
model is a strong constraint of the minimization, i.e. that the model describes exactly the
behavior of the system. Obvioudly the hypothesis is never respected. A new approach is
proposed in this paper by merging the Monte Carlo method and the proper orthogonal
decomposition (POD) technique into the weak-constraint 4DVar to transform an implicit
optimization problem into an explicit one, which can account for and estimate the
flow-dependent model errors similar to that in the ensemble Kalman filter (EnKF). The
Monte Carlo method is used to initiate an evolving forecast ensemble in a four-dimensional
(4-D) space to cover the analysis state over each assimilation time window. The model errors
are aso represented by the evolving ensemble forecasts simultaneously. Since the 4-D
anaysis ensemble vectors are supposed to be in linear space, each of them can be expressed
by a set of basis vectors of this space obtained through the POD technique, respectively. The
4DVar optimization problem is then resolved directly without an iterative procedure.
Assimilation experiments in soil moisture assimilation show this new approach moderately
outperforms another explicit strong-constraint 4DVar (referred to as ESC4ADVar) method
with assimilation errors can be reduced as only a fraction of the latter. Another assimilation
experiment using the Lorenz model shows that it performs almost same as the ESC4DV ar if

the model is perfect.
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1. Introduction

Strong constraint (perfect model assumption) 4DVar agorithms [Johnson et al., 2006;
Kalnay et al., 2007; Tsuyuki and Miyoshi, 2007] are increasingly used for synoptic and global
scale data assimilation at operational numerical weather prediction centers around the world.
4DVar takes into account several sources of information to produce an estimate of the
forecast state at the analysis time. It is essentia to transform the data assimilation problem
into an optimization one, whose advantages mainly embody on the followings: 1) the
physical model provides a whole dynamical constraint throughout the assimilation time
window. And 2) it has the ability to assimilate the observationa data at multiple times. While
errors in observations and background state are accounted for, the numerica model
representing the evolution of the state flow is assumed to be perfect, or at least to have errors
that are negligible compared with others errorsin the system.

As other aspects of the data-assimilation process have processed over the years, one
might ask whether this assumption remains valid, and whether neglecting model error
degrades the quality of the analysis and forecast. Is there any evidence of the presence of
model error in the system, or isit till legitimate to neglect it? [ Trémolet, 2006]

The data assimilation windows currently range from 6 hours to 12 hours at different
centers. It is preferable to have as many independent observations as possible in each data
assimilation window under the variational framework. Longer data assimilation windows
generally increase the information content from the observations, but also make the perfect

model assumption more improper [Liang et al., 2007]. When model error is present, the
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model drifts away from the correct solution, and the discrepancy with observations increase
with time, as explained, for example, by Talagrand [1998]. It is clear that weak constraint
(imperfect model assumption) 4DVar algorithms will be required to properly combine the
background forecast with high resol ution observations in longer data assimilation windowsin
the not too distant future. There have been attempts to take model error into account in
various data assimilation systems, particularly in the context of Kalman filter systems [Deg,
1995; Dee and Da Slva, 1998]. The ensemble Kaman filter (EnKF) [e.g., Evensen, 1994,
2003; Kalnay et al., 2007; BeezZley and Mandel, 2008] has become an increasingly popular
method because of its simple conceptual formulation and relative ease of implementation.
For example, it requires no derivation of atangent linear operator or adjoint equations, and
no integrations backward in time. Furthermore, by forecasting the statistical characteristics,
EnKF can provide flow-dependent error estimates of the background (model) errors using
the Monte Carlo method. Consequently, arguments on “which one is better, 4DVar or
ensemble Kalman filter” [e.g., Kalnay et al., 2007] appear alot in debate due to the perfect
model assumption in the strong-constraint 4DV ar method, which forms a sharp contrast with
that in the EnKF.

Weak-constraint 4DVar theory was firstly introduced by Sasaki [1970]. The main
underlying idea is that, since the model’s equations are not exact, it is sufficient to satisfy
them only approximately: they can be imposed as a weak constraint in the optimization
problem. Weak-constraint 4DVar has never been implemented fully with a redistic forecast

model because of the computational cost and because of the lack of information to define the
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model error covariance matrix required to solve the problem [Trémolet, 2006, 2007].
However, even with important approximations, in the representation of model error itself,
and of the model-error covariance matrix, good results have been obtained by several authors
such as Derber [1998], Wergen [1992], Zupanski [1993] or Bennett et al. [1996] with
atmospheric models and by Vidard et al. [2004] with an ocean model. Trémolet [2006, 2007]
aso discussed several formulations of wesk-constraint 4DVar. These formulations were
developed and evaluated at the European Centre for Medium Weather Forecasts (ECMWF).
How to represent the forecast model errors of the state flow appropriately needs to be
addressed. Here we resort to the idea of the Monte Carlo method and the POD technique [Ly
and Tran, 2001, 2002; Volkwein, 2008]: We merged the Monte Carlo method and the POD
technique into the weak-constraint 4DV ar to transform an implicit optimization problem into
an explicit one. The basic idea of the POD technique is to start with an ensemble of data,
called snapshots, collected from an experiment or anumerica procedure of a physical system.
The POD technique is then used to produce a set of base vectors which span the snapshot
collection. The goa is to represent the ensemble of the data in terms of an optimal
coordinate system. That is, the snapshots can be generated by a smallest possible set of base
vectors. Based on this approach, an ensembl e-based weak-constraint 4DV ar method (referred
to as EWC4DVar) is proposed in this paper: it begins with a4-D ensemble obtained from the
forecast ensembles at al times in an assimilation time window produced using the Monte
Carlo method. The model errors are then represented by the evolving ensemble forecasts

simultaneously. We then apply the POD technique to the 4-D forecast ensemble, so that the
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orthogonal base vectors can not only capture the spatial structure of the state but also reflect
its temporal evolution. After the model status is expressed by a truncated expansion of the
base vectors obtained using the POD technique, the control variables in the weak-constraint
cost function appear explicit, so that the adjoint or tangent linear model is no longer needed.
We conducted several numerical experiments using a one-dimensional (1-D) soil water

equation and synthetic observations to evaluate our new method in land data assimilation.
Comparisons were also made between our method and another ensemble-based
strong-constraint 4DV ar (referred to as ESCADVar, [Tian et al., 2008a,b]). We found that our
new ensemble-based explicit weak-constraint 4DVar performs moderately better than the
ESC4DVar in terms of increasing the assimilation precision. We also evaluate this approach
using the Lorenz model (3D case), which shows the EWCA4DVar performs almost same as
the ESCADVar if the forecast model is perfect.
2. Methodology

The observations of the forecast state represented by the vector 9 in observation space
are one source of information about the state. An observation operator H (X) represents
knowledge of what the observations should be given the forecast state represented by the
state variable x. Errorsin the observations and in the observation operator are assumed to be
unbiased, Gaussian, and uncorrelated with other sources of error. They are characterized by
their covariance matrix R.

A particular source of information available in meteorology is a prior estimate of the

state of the system. In practice, in operationa weather-forecasting centers, it is a forecast
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from the most recent analysis. This represents our prior knowledge about the state of the
system without resorting to the current observations 9 The prior estimate of the mean of
the state is represented by Xo, and called the background”. We assume that background
error is unbiased and uncorrelated with other errors in the problem; it is characterized by the
background-error covariance matrix B.
Another source of information about the system is theoretica knowledge, represented
by the equation
F(x) =0. (1)
In meteorological applications, F can include the equations governing the evolution of
the flow, as well as additiona constraints, such as baance equations or prior knowledge
about the state of the system. Errors in F are assumed to be unbiased, Gaussian, and
uncorrelated with other sources of error. They are characterized by their covariance matrix
C,.
Using these sources of information, four-dimensional variational data assimilation
consists in minimizing the cost function:
30 =5 (%= 50)" B (k= %) 45 (HR) - )" RAHR -Y)
2 (HE-DRHE - ) +2FRTCRF(0), @
The cost function can be interpreted as a weighted measure of the distance from the state

X to the various available sources of information, either observational or theoretical. More

details on this result are presented in, for example, Jazwinski [1970] or Rodgers [2000].
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The components of X are the physical variable describing the forecast state (e.g.,

temperature, wind, humidity and surface pressure), discretized over the three spatia
dimensions of the model’s domain and the temporal dimension over the period for which
observations are available. The assimilation window [0,T] is discretized into n+1 time
steps {t, :i =0,---,n}. The state vector Xi represents the three-dimensiona state of the
atmosphere at time t;. The observation operator will use the components of the state
variable at the appropriate time to eva uate the observation term of the cost function, and wil
make accurate use of available observations.

In practice, approximations are necessary in order to solve the variational data
assimilation problem. In operational variational data assimilation implementations, model
error is assumed to be small enough to be neglected compared with initial-condition error,
and the forecast model is imposed as a strong constraint. The state variable is a solution of
the model equation:

X =M, (Xi1), 3
where M, represents the model describing the evolution of the atmospheric flow from time
t, to t,. The evolution of the forecast state is then entirely determined by the initial
condition Xo, the control variable reduces to a three-dimensiona state, and the constraint
F disappears from the cost function. This reduction of the control variable, combined with
the adjoint technique to compute the gradient of the cost function (required by most
minimization agorithms), was introduced by Le Dimet and Talagrand [1986], and is usually

referred to as strong-constraint 4ADVar or simple 4DV ar. Although the time dimension of the
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information provided by the observations and the forecast model is taken into account, the
control variable is defined over a three dimensiona space. The size of the control variable,
and the elimination of the model-error covariance matrix, make this algorithm operationally
achievable with today’ s supercomputers.

A more genera approach is to consider that the forecast model is not perfect. In such

formulation, the forecast model is only imposed as a weak constraint, since the minimizing

solution x does not have to be an exact solution of the model. This formulation is known as

weak-constraint 4DVar. In this case, C, is the model error covariance matrix usually
denoted by Q; the associated term in the cost function will denoted by J,,. A more complex
introduction to the formulation of 4DVar accounting for an imperfect model is given in
Trémolet [2006].

The weak-constraint 4DV ar cost function in its most general form is defined by Eq. (2).

It can be written more explicitly, as a function of the components of the control variable X,

as

30 = (o = %) B0 —%0) + Y- (H, (%) = Y) R (H(X) - ¥,)

#2(6 — M ()T Q1 (X — M g (X)), ©

where x; = Miyo(;(o) represents the state at time t; resulting from the forced model
integrated from time t, to t;, and observation and model errors are assumed uncorrelated
in time. Time correlation can be taken into account, at the expense of using a

non-block-diagona model-error covariance matrix and determining the appropriate statistics.
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The need of huge amount of information and then high computational costs to represent
the model errors severely limits the implementation of the weak-constraint 4DVar. This
problem is usually solved through some significant simplifications [Courtier,1997].
Obviously, such simplifications are likely subject to their poor description the evolution of
the state flow. Thisissue is addressed in our new approach as follows.

Assuming there are S time steps within the assimilation time window (0, T), generate
N random perturbation fields using the Monte-Carol method and add each perturbation
field to the initial background fieldat t=t, toproduce N initia fields;<n(t0),n:L2,---N .
Integrate the forecast model in(ti) = Mi,o(i” (t,)) with the initial fieldsx, (t,)(n=12,---N)
throughout the assimilation time window to obtain the state series X (t)(i=02---S-1) and
then construct the perturbed 4-D fields (snapshots) X (n=212,---N) over the assimilation
time window:

X = (Xn(ty), Xn(t), -+ Xn(ts ;) ,N=1,2,---, N, (7)
It is obvious that such vectors can capture the spatia structure of the model state and its
tempora evolution. All the perturbed 4-D fields Yn(nzLZ,---N) can expand a finite

————

dimensional  space  Q(XiXz2--Xn) .  Smilaly, the andysis field
;<a(ti)(i =0,1,2,---S—1) over the same assimilation time window can aso be stored into the
following vector:

Ya = (;(a(to)’;(a(tl)"“!;(a(tS—l)) ,n=12---N. (8)

10
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When the ensemble size N is increased by adding random samples, the ensemble space
could cover the analysis vector Xa, i.e. Xa is approximately assumed to be embedded in

—

the linear space Q(X1Xz2--Xn). Let Xwm(n=12,---K,K <N) be the base vectors of

——

this linear space Q(X1X2---Xn), the analysis vector Xa. can be expressed by the linear

combinations of this set of base vectors sinceit isin this space, i.e.

Xa= i B X . (9)

— N —
Setting Mi,o(X(to))=%ZXn(ti) and then substituting (8) and (9) into (6), the control

]
variable becomes S=(f8,---f;)" instead of ;<(t0) if the model error covariances Q.
(i=0,---,m) are known (This will be discussed further below), so the control variable is
expressed explicitly in the cost function and the computation of the gradient is ssimplified
greatly. The tangent linear model or adjoint model is no longer required. To minimize the
cost function, Eq. (6) is transformed into an explicit optimization problem with the variable
vector S=(B,--- )" -

Tian and Xie [2008a,b] proposed a concept of sample density to illustrate that the
vector transformationd X, =Xn —Y, n=1---,N isthe optimization one in certain optimal
sense, which can obtain the maximum sample density for the same ensembl e forecasts and
then yield the most efficient assimilation effects. That means any other vector
transformation such as X, :Yn—yi, n=21---,N, (V% € (Yl,?Z,"‘,YN)) can only

result in some anaysis vector partly close to the optimization analysis vector, whose
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relationship is very similar to that between the analysis ensemble and the mean analysis in
the EnKF. Inspired by this similarity, we form N new ensembles by focusing on
deviations from the vector X ,(i=1---,N), respectively, asfollows
X, =Xn—Xi, (10)
which form the matrix A (M xN), where M = ngvaS, and Mg,Mvare the number
of the model spatial grid points and the number of the mode variables respectively. To
compute the POD modes, one must solvean M xM eigenvalue problem:
(AAD iV =4V, (11)
In practice, the direct solution of this eigenvalue problem is often not feasible if M >> N,
which occurs often in numerical models. We can transform it into an NxN eigenvalue

problem through the following transformations:

ATA =2V, (12a)
AAAV =ALV, (12b)
AAAV=ALV, (12c)
AN (AV)=A(AV), (12d)

In the method of snapshots, onethen solvesthe NxN e genvalue problem.

TV, =4V, k=1---N, (13)
where T=(A"A)nw» Vi is the kth column vector of V and A4, is the kth row
vector of A . The nonzero eigenvectors 4, (1< k< N) may be chosen to be orthonormal,

and the POD modes are given by ¢, = AV, /,/4, ,(1<k<N).
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The truncated reconstruction of analysis variable in the four dimensional space Yla is

given by
—i  — R
Xa=Xi+Y aig), (14)
j=1

where P (the number of the POD modes) is defined as follows

R

24

(P)=21—:I(P)>y},0<y<l. (15

V!

j=1

P=min{P,I

—

Given the vector of measurements Y = (90,91,---,ym)T , we can define the N vectors
with perturbed observations as
Y, =Y+E,i=1-N, (16)
where E, :(gi,mgi,l"”’gi,m)T are random real vectors. The measurement error covariance

matrix can be estimated by

_EF
I N-1

, ]=0,---m, a7

where E, =(&,,, .y, ).
Subsequently, one can construct the model error covariance Q, asfollows:
The ensemble matrix at time t is constructed by
A =(0a(t), - Xa(t)) 17)

The ensembl e perturbation can be defined as

AA = (Xa(t) = X(t ), Xn = X(t;)), (18)

13
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where X(t) =M, (X)) = %Z Xa(t) .
n=1
Then the model error covariance can be represented same as that in EnKF

_AA@A)
Q=" (19)

The SVD of AAYvyields
AA =UAV', (20)
where A, is a diagona matrix composed of the singular values of AA. U; and V, are

orthogonal matrices composed of the left and right singular vectors of AA, respectively,

then
U.A2UT
Q== @
and
Qi_l = (N _1)U iA?ZU iT ) (22)

Substituting  (14), (17) and (22) into (6), the control variable becomes
o' =(af, o) instead of X(t,) and then the analysis vector Xa(i=1--,N) can be

easily obtained. The mean analysis state is then generated as follows:

—

1 N
== 23
N2 Z (23)
Similarly, the ensembleinitial A, for next assimilation cycleis then constructed by
-1 -N
Ay =(Xa(tsy), i Xa (ts 1)) (24)
and the background error covariance B can be updated by the evolving analysis ensemble

forecasts (so it is flow-dependent) as follows

14
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AR, = (Xa(te ) — Xalts 1)+ Xa — Xa(tss)). (25)

—x 1 & —n
where Xa (t&l) = NZXa(tsfl) .
n=1

BZM, (26)
N-1

TheSVD of AA,yields
AA =U AV, (27)
where A, is adiagona matrix composed of the singular values of AA,. Ug and V, are

orthogonal matrices composed of the left and right singular vectors of AA,, respectively,

then
2 T
and
B'=(N-1)U 0A0‘2U OT . (29)

Egs. (24) and (29) are used to drive next assimilation cycle, which indicates that the initial
condition is perturbed only once throughout the whole assimilation in this new scheme
formulation.

In the above formulations, the usua optimization agorithms to find the solution of
o' =(ay,,ap)" till need the iterative procedure and probably result in higher
computational cost. Thisissue is addressed as follows:

Form the POD mode matrix

@' =(d.d5,. 0% ), (30)

15
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where, ¢, =(¢} (o). 8} (t,), . @, (tsfl))T ,j=12--,P . Transform (30) into the following
format

® = (@, ), P ) (31)
where @, =(di(t), @), -, (), k=01-,S-1.
Eq. (14) isrewritten asfollow:

X=X +®D'ar (32)

where o' =(a1‘,ai2,~--,a:,l ).
The cost function (14) can be transformed into the following

J(@) = (Xi(ty) — Xo + DL )BH(X (t,) + PLar' — Xb)

+Zm:[§/j —H?q(tj)—qu)‘ja‘]TR;l[?j ~H, X (tj)—Hch‘ja‘]

j=0

+i|:;((tj )— Xi (tj ) —q)ijai T Q}l [)_((tj )— X (ti ) _(I)iiai] ' (33)

j=0

where H, isthetangent linear observation operator.
Because R;' and Q' aresymmetrical (see (17,22)), we can obtain the gradient of the cost

function through simple calculations:

V(') = (@) B (X (t,) — X +q>ga‘)+j§m;—[Hjcpij IRy, —H X (t)-H,®e' |
+§—[q>;fle[i(tj)—ii(tj)—qaijai], (34)
One can solve the optimization problem

VJ,(e') =0, (35)

and

16
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[((I’io)T B0} + Zm:[H P ]T R*[H,®' ] +Zm:[q)ij T Q'@ ]j“i

j=0 j=0

=Zm:[qu>g i RV, —H;x (t,.)]+_zm:[q>; Il QX)) =% () |- (@) B (X (t) — %)

i=0 i—0
(36)
Eq. (36) can be solved directly without an iterative procedure.
3. Evaluationsin a 1-D soil water model
In this section, the applicability of this new method is evaluated through severa
assmilation experiments with a smple 1-D soil water equation model used in the NCAR
Community Land Model (CLM) [Oleson et al., 2004]. Since we have compared the
ESC4ADVAR with the usual strong-constraint 4DVar, the EnKF and another explicit
strong-constraint 4DVar [Qiu et al., 2007] in Tian et al. [2008b] and found that the
ESC4DVar's performance is superior to the others involved in term of increasing the
assimilation precision, it is enough for us to only compare the EWCA4DV ar method with the
ESCADVar.
3.1. Set-up of experiments
The volumetric soil moisture (6) for 1-D vertical water flow in a soil column in the
CLM isexpressed as
3 __d

=——-E-Rq,
ot 0z

where q is the vertical soil water flux , E is the evapotranspiration rate, and R, isthe

(37)

melting (negative) or freezing (positive) rate, and z isthe depth from the soil surface. Both

g and z are positive downward.
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The soil water flux q isdescribed by Darcy’slaw [Darcy, 1856]:

q= _km1 (38)
0z

2b+3 -b
where k=K [HEJ is the hydraulic conductivity, and ¢ = ¢, [eﬁ] is the soil matric

S S

potentia , k,,¢,,6, and b are constants. The CLM computes soil water content in the 10
soil layers through (37-38) (see [Oleson et al., 2004] for details). The upper boundary

condition is

O(t) = AL : (38b)
BZ z=0

where q,(t) isthewater flux at the land surface (referred to as infiltration), and the lower
boundary conditionis g =0. Thetimestep At is1800 s (0.5 hour).

We took a site at (47.43°N, 126.97°E) as the experimental site. The soil parameters
K,,¢,,6, and b at this site were calculated by the CLM using the high-resolution soil
texture data released with the CLM by NCAR: 6, =0.46m°/m°, k_ =2.07263E-6 ms,
b=8.634, ¢,=-3.6779m. We then ran the model at the site forced with observation-based
3-hourly forcing data [Qian et al., 2006; Tian et al., 2007] from January 1, 1992 to December
31, 1993 after ten-year spinning-up to obtain a two-year time series of simulated infiltration
(i.e., the water flux g at the surface, c.f., Eq.(38b)) for driving the soil water hydrodynamic
equation (24). We used the first year (January 1, 1992 to December 31, 1992) data of
CLM-simulated infiltration as the “perfect” infiltration series, and took the second year data
asthe “imperfect” infiltration series (Fig. 1). In our experiments, we integrated the soil water

hydrodynamic equation (37) forced by the two infiltration time series for 365 days separately:
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Eq. (37) forced by the “perfect” infiltration series represents the perfect forecast model,
whose forecast error comes only from the noise in the initial (soil moisture) field; on the
contrary, Eq. (37) forced by the “imperfect” infiltration series acts as the “imperfect” forecast
model, whose forecast error comes from not only the noise of the initia field but also the
uncertainty in the forecast model itself.

Figure 2 shows the “imperfect” and the “perfect” initial soil moisture profiles, which
were obtained by randomly taking two arbitrary CLM-simulated soil moisture profilesin the
process of the infiltration series producing. These profiles represent the initial fields with and
without noise. The “perfect” (or “true”’) state was produced by integrating the “perfect”
model with the “perfect” initial soil moisture profile for 365 days (Figure 3). The
“observations’ were generated by adding 3% random error perturbations to the time series of
the “perfect” state (i.e., “observation” = (1+¢)x“perfect”, wheree isarea random number
varying from -3% to 3%), and these “observations’ were assimilated using the two methods
in the assimilation experiments (but not in the forecast experiments). In addition, a forecast
states were produced by integrating the imperfect model with the “imperfect” initial soil
moisture: The forecast error comes from both the noise of the initial field and the uncertainty
in the forecast model (Figure 3), which shows that the forecast model drifts seriously away
from the “perfect” solution. Two observation frequencies (twelve-hourly and two-hourly) are
used to test their sensitivity on the assimilation effects.

3.2. Experimental results
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To evauate the performance of the two agorithms (ESCADVar, EWCA4DVar), a

relative error is defined as follows
sAMgMy _t ,
DD (i) = xi(t)
_ =0 j=1
B T (39)
_ D (xi )= xi(t))

i=0 j=1

where the index t, ., denotes an assimilation time window (one day in our experiments),
S isthe length of an assimilation window (S=48 in our experiments), f and a denote
the forecast state (without assimilation of the “observations’) and the analysis state,
respectively, t represents the “true’ (“perfect”) state. Thus, a relative error of 1% for a
given assimilation method would mean that the mean error of the analyzed soil moisture is
only 1% of that in the forecast case.

Figure 4a shows that the EWC4DVar method performs moderately better than the
ESC4DVar: the relative errors of the ESCWA4DVar for the anayzed soil moisture are all
lower than12% and most of them are even lower than 3%. However, the relative errors of the
ESC4DVar for the analyzed soil moisture fluctuate between 0 and 18%, which are higher
than the EWC4DVar's as a whole, especialy during Day 100 to Day 200. This is expected
because model error is not negligible in such data assimilation: The pure simulated (Im with
Im) deviates from the true (P with P) apparently during Day 100 to Day 200 (Fig.3). The
perfect model assumption in the ESC4DVar introduces larger errors and leads to sub-optimal
performance. With the observation frequency being increased, there is so much observation

information merged into the anayzed soil moisture that the relative errors of the
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EWCA4DVar's become very small (<2.0%)(Fig.4b). The relative errors of the ESC4DVar are
not reduced as so much as the EWC4DVar: Some of are even up to 8%.
4. Evaluationswithin the L orenz model

In this section, our approach (EWC4DVar) is further evaluated within the Lorenz model
for investigating its wider applications. The Lorenz model is widely used to test the new
proposed methods in data assimilation community:  e.g. Xiong, Navon and Uzunoglu [2006]
used it to test the performances of the EnKF and PF (particle filter) methods. Their results
show that the PFGR (PF with Gaussian resampling) method possesses good stability and
accuracy and is potentially applicable to large-scale data assimilation problems.
4.1. Set-up of experiments

The Lorenz system under chaotic regime is used as a test problem, which is given by

equation(e.g., see http://www.taygeta.com/perturb/node2.html):

dx
—=—5(X-Y), 40a)
o (X-Y) (409)
dy
—— =IX—Y—XZ, 40b
ot y (40Db)
dz
—=xy-bz, 40c
b (40c)

For numerical experiment the Lorenz system with parameters s=10,r=28,b=% was
integrated using a second order Runge Kuatta' s method, with At =0.1, and initial conditions
x(0)=-15 , y(0)=-15 , z0) =25 for the true solution (observations) and
x(0)=-1.52 , y(0)=-1.3, z(0) =27 for background solution (apriori forecast). The
observation insertion is done a each 12 time-step. The length of each assimilation time

window is 24 time-step.
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4.2. Experimental results

Figure 5 shows time series of the Lorenz curve coordinates (X,y,z) from observations,
the EWC4Dvar and ESCADvar assimilations. the forecast Lorenz curve is adjusted to
approach the true curve rapidly at the end of the first assimilation cycle by the EWCADVar
method, even though only twice observations in each assimilation time window. On the
contrary, the pure forecast state without assimilations begins to deviate from the true solution
serioudy after 60 time-step or so, even though the noise of theinitial filed (x,y,z) only results
in small departures from the true state in the first 48 time steps or two assimilation time
windows (not shown). Figure 6 shows the root mean square (rms) errors for the EWCA4Dvar
assimilated Lorenz curve are mostly less than 4 in the first assimilation window, and become
close to zero at the start of the second assimilation cycle. On the other hand, the rms errors
for the ssimulated curve fluctuate drastically in the magnitude from 1 to 30 (not shown). The
ESC4DVar method was aso applied in the same experiments. Because the forecast model
(the Lorenz model) used in this experiments is perfect and the forecast errors come only from
the noise of the initial fields, the EWC4DVar method with consideration of model errors
doesn’'t show superior performance compared with the ESC4ADV ar method: The two methods
performs almost same during this assimilation experiments.
5. Summary and concluding remarks

Weak-constraint 4DVar is a generdization of the more widely developed

strong-constraint 4DVar: In weak-constraint 4DVar one simplifying assumption—namely,

that the forecast model is perfect—has been removed. A new approach is proposed in this
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paper by merging the Monte Carlo method and the POD technique into the weak-constraint
4DVar formulation to transform it into an implicit optimization problem, which can account
for and estimate model error similar to that in the EnKF. The model errors are then
represented by the evolving ensemble forecasts.

Assimilation experiments in soil moisture assimilation show this new approach
moderately outperforms the strong-constraint 4DVar method with assimilation errors can be
reduced only a fraction of the latter, which shows whether considering model error or not in
data assimilation plays some role that can not be easily ignored. Another assimilation
experiment conducted within the Lorenz model shows that it performs almost same as the
usual strong-constraint 4DV ar method if the model is perfect.

It should be pointed out that the additional computational costs resulting from

representing model error in the proposed method could possibly limit its further operational
applications, even though it is not very obvious our experiments. How to reduce the
computational costs as much as possible is a critical step in using this method. This aspect
requires more evaluations and investigations.
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FIGURE CAPTIONS:

FIG. 1. The “perfect” (solid line) and “imperfect” (dashed line) infiltration time series used in
the assimilation experiments.

FIG. 2. The“perfect” (solid line) and “imperfect” (dashed line) initial soil moisture profiles
used in the assimilation experiments.

FIG. 3. Time series of skip volumetric soil moisture simulated by the perfect model with the
“perfect” initial soil moisture, and the imperfect model with the “imperfect” initial soil
moisture.

FIG. 4. Relative error ( E,) for analyzed soil moisture in the assimilation experiments by the
imperfect model with the “imperfect” initial field.

FI G.5. Time series of the Lorenz curve coordinates (x,y,z) from observations (solid line), the
EWCA4DVar assimilations (long-dashed line) and the ESCADV ar assimilations (short-dashed
line)

FI G.6. Root mean sgquare error for the EWC4Dvar assimilated (solid line) or the ESCADVar

assimilated (long-dashed line) Lorenz curves.
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