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Abstract: In the recently developed Krylov deferred correction (KDfidthods for ordinary differential equation
initial value problems [11], a Picard-type collocationrfarlation is preconditioned using low-order time integra:
tion schemes based on spectral deferred correction (SD@)the resulting system is solved efficiently using &
Newton-Krylov method. Existing analyses show that thes€&Kiethods are super convergeststable, B-stable,
symplectic, and symmetric. In this paper, we investigageefficiency of semi-implicit KDC (SI-KDC) methods
for problems which can be decomposed into stiff and nof-aifponents. Preliminary analysis and numerica
results show that SI-KDC methods display very similar cogeace of Newton-Krylov iterations compared with
fully-implicit (FI-KDC) methods but can significantly reda the computational cost in each SDC iteration for th
same accuracy requirement for certain problems.
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1 Introduction is an efficient method to solve the Gauss collocatio

, _ (Gauss Runge-Kutta) formulation which is super con
Many numerical techniques have been developed for yergent, 4-stable, B-stable, symplectic, and symmet-
the accurate and efficient solution of stiff ordinary dif-  yic “|n the numerical implementations in [11, 12], ex-

ferential equation (ODE) initial value problems, in-  pjicit jow-order time integrators are used for non-stiff
cluding linear multi-step methods, Runge-Kutta meth- - or mildly stiff problems, while implicit schemes are
ods, and operator splitting techniques [1, 5, 8, 10]. anpjied to very stiff systems.

In this paper, we focus on the recently developed i i

Krylov deferred correction (KDC) technique for ODE . However, for .pr_oblems with both stiff and non-
initial value problems [11] which was motivated by ~ Stiff components, itis usually advantageous to apply
the desire to accelerate the convergence of the itera- SMi-IMPplicit time integration scheme. Semi-implicit
tive spectral deferred correction (SDC) technique [6]. VESions of classical schemes such as the *Implici
For linear systems, it is shown in [11] that the iter- EXPlicit” (IMEX) linear multistep methods or addi-

ates in the original SDC method are equivalent to a tv& Runge-Kutta methods have already been deve
Neumann series expansion for a particular precondi- °Ped for ordinary and partial differential equations
tioned collocation formulation. Instead of simply ac-  [2: 3, 14]. Similar semi-implicit SDC methods have
cepting this Neumann series expansion solution, the @S0 been developed [4, 17]. In this paper, we appl
KDC method searches for the optimal solution in the S€Mi-implicit techniques to the KDC methods by ap
corresponding Krylov subspace of SDC iterates. Nu- PIYing different preconditioners to different compo-
merical experiments show that the KDC method can nents in the SDC iterations. Our numerical result:
accelerate the convergence and eliminate the order re- Présented here show that using a semi-implicit pre
duction phenomena observed in the SDC approach condioner hasanggllglble effect on the rate of_con\_/e_l
[16, 17]. For general nonlinear systems, one can ei- 9€Nce of the SDC iterates compared to a fully-implici
ther adapt a linearly-implicit approach or use the SDc KDC method. On the other hand, the SI-KDC methoc

iterations as preconditioners for the collocation for- Can have significantly smaller computational cost pe
mulation and apply a Jacobian-free Newton-Krylov 't€rate.

method [13, 15] directly to the resulting precondi- We organize this paper as follows. In Sec. 2, w
tioned system. Preliminary analyses show that when briefly describe the KDC methods. In Sec. 3, the
Gaussian quadrature nodes are used, the KDC methodsemi-implicit KDC methods are discussed and thei



convergence properties are analyzed. In Sec. 4, pre-

liminary numerical results are presented to compare
the SI-KDC methods with FI-KDC, and finally in
Sec. 5, we summarize our results and discuss appli-
cations and further improvements.

2 Krylov Deferred Correction Meth-
ods

In this section, we discuss the KDC technique for a
general ODE system

y'(t) = F(t,y(t)). (1)

Here we follow the derivation of KDC methods for
differential algebraic equations (DAES) in [12] by
definingY (¢) = /(t) as the new unknown and con-
sidering the equivalent Picard type integral equation

t
V() =Fta+ [ Y. @
0
A variant of the KDC method based on the more tra-
ditional Picard integral equation as in [11] is also pos-
sible.

To march one step from = 0 to ¢ At,
we choose substeps corresponding toztl@aussian
nodes in[0, At]. Note that once the discretized solu-
tionsY = [Y1, Y2, -+, YT atthe Gaussian nodes
are obtained, we can derive a deggee 1 Legendre
polynomial P(t) which interpolatesY at the nodes.
A continuous approximate solution #d¢) in Eq. (1)
can then be obtained by integratift{¢) analytically,
and the discretized solution is obtained by evaluat-
ing the resulting degree polynomial at the same set
of nodes. Using the notation from [6], we call the
linear mappingy = AtSY the spectral integration
operator, wher& denotes the component-wise tensor
product of the spectral integration matrix. To derive
equations forY, we apply the collocation formula-
tion which requires the interpolating polynomia(t)
to satisfy Eq. (2) at the Gaussian nodes, i.e.,

Y = F(t,yo + AtSY), ©)

whereyo = [yo, %0, ,0]” is the vector of initial
values. We symbolically denote Eq. (3)H$Y ) = 0.

It has been shown that Eq. (3) is equivalent testage
Runge-Kutta method, and is often referred to as the
Gauss Runge-Kutta (GRK) method [9]. The GRK for-
mulations have excellent accuracy and stability prop-
erties as summarized by the following theorem from

[9].

Theorem 1 For ODE problems, the Gauss Runge-
Kutta formulation usingp Gaussian nodes is order

2p (super convergence), A-stable, B-stable, symplel
tic (structure preserving), and symmetric (time re-
versible). In particular, for fixed time stepsiz¢, the
discretization error decreases exponentially when th
number of nodep increases.

However, as solutions at different times (nodes
are coupled in Eq. (3), the direct solution for nonlin-
ear systems is in general numerically inefficient es
pecially for largep. As far as we know, the largest
p used in existing implementations is approximately
p = 5 (order 10). On the other hand, the discretizec
solution at a specific time in most existing low-order
time integrators only couples with the solutions at pre
vious times, hence the numerical algorithm is mor
efficient due to the reduced problem size. To take ac
vantage of the excellent accuracy and stability prope
ties of the GRK formulation and the efficiency of the
low-order time integrators, we introduce the Krylov
deferred correction approach for solving Eq. (3).

_ Assuming a provisional solution’Y
[Y1,Ys, - ,Yp]T is obtained at the Gaussian
nodes using a low-order time integrator and denotin
the corresponding interpolating polynomial approxi-
mation to the solution a¥ (¢), we define an equation
for the errord(t) = Y (t) — Y (t) by

Y (t) +6(t) = F(t,yo + /0 (Y (1) + 6(7))dr). (4)

Separating the provisional solution and the error i
Eq. (4) at nodé,,, .1, i.e.

Y(tm+1) + 0(tm+1) = F(tm+1, yo+
Jor Y (ydr 4 (Jy™ + fora(r)dr),

allows a lower-order method to be applied to approx
imated(t) (denoted byd). For the explicit (forward)
Euler methodd = [d;,02,---,0,|” is obtained by
solving the “decoupled” equation

(®)

Ym+1 j_ Sm+1 = F(tm+17 ij’ (6)
(AtSY)m+1 + 2{2{1 Atlél,l),
whereAt; ;1 = t;41 — t; andty anddy are set to 0.
The matrix form of Eg. (6) can be written as
Y +6=F(t,yo+ AtS® Y + AtSs) (7)

where AtS is a lower triangular matrix representing
the rectangle rule approximation of the spectral in
tegration operator. Matrix forms for other low-order
schemes can be obtained similarly. .

In the SDC methods, the approximatiérof the
error is added td to obtain an improved provisional



solution, and a new error equation is then derived and
solved by efficient low-order schemes. This procedure
is repeated until the error approximation is smaller
than a prescribed tolerance or a maximum number of
iterations is reached. In [11], it was shown that the
SDC approach is equivalent to a Neumann series ex-
pansion solution of the GRK formulation precondi-
tioned by the low-order time integrators. For stiff sys-
tems, as there may exist a few “bad” eigenvalues, or-
der reduction in the original SDC method is often ob-

served unless extremely small time stepsizes are cho-

sen.

Instead of simply accepting the Neumann series
solution, in the KDC methods, we consider Eq. (7) as
an “implicit” function

5 =H(Y)

where the provisional solutiofY is the input vari-
able and the output i§. It can be seen that the zero
of H also solves the original collocation formulation
H(Y) = 0. Moreover, it was shown in [12] that be-
cause the low-order method solves a “nearby” prob-
lem, the Jacobian df is closer to identity than that

of H, thereforeH = 0 is better conditioned and can
be solved efficiently by the Newton-Krylov methods
where the optimal solution is sought for in the Krylov
subspace instead of simple iterative refinements. As
Krylov subspace methods are used for each linearized
equation which is preconditioned by the SDC tech-
niques, we refer to this new scheme as the “Krylov
deferred correction” method.

There are two “Newton” iterations involved in the
KDC methods: In the “outer” Newton-Krylov itera-
tions for the preconditioned system, a “Jacobian-free”
approach is in general applied where the matrix vector
multiplication is approximated by a “forward differ-
ence” approach and each function evaluation is sim-
ply one SDC iteration to derivé; Inside each SDC
iteration, to march fron,, to ¢,,,1 using a low-order
scheme, a Newton type approach (e.g., the simplified
Newton’s method) is commonly applied if the result-
ing discretized equation is nonlinear. This will be re-
ferred to as the “inner” Newton iteration.

As KDC methods are simply efficient ways to
solve the GRK formulation, their accuracy and sta-
bility properties are therefore identical to those of the
GRK formulation when the solution converges. The
efficiency (rate of convergence) of the KDC methods
depends on the choice of low-order preconditioners,
the efficiency of the “outer” Newton-Krylov and “in-
ner” Newton type methods, and the properties of the
considered ODE system. It has been shownin[11, 12]
that the KDC methods allow “optimal” stepsizes for
prescribed accuracy requirements, and can effectively

eliminate the order reduction phenomena observe
in many existing time integration schemes. In gen
eral, for stiff ODE systems, numerical experiments
show that the KDC methods are more efficient thal
the SDC schemes for the same accuracy requireme
and are competitive alternatives for existing state-of
art solvers especially for long-time simulations with
high accuracy requirements.

3  Semi-Implicit
Techniques

Consider a general nonlinear ODE system which ca
be split into two parts

y'(t) = Fp(t,y(t) + Fr(t,y(t), (8)

where F; represents the non-stiff component afid
the stiff part. When explicit low-order schemes are
used to precondition Eq. (8) in the KDC methods
due to the stability region constraints, extremely sma
time stepsizes have to be used to avoid the overflov
in the solution process. The resulting explicit KDC
(Ex-KDC) is therefore inefficient even though no in-
ner Newton iterations are required. The fully-implicit
KDC (FI-KDC) approach based on implicit low-order
preconditioners, on the other hand, allows much large
stepsizes, however, inner Newton iterations must
performed in each SDC iteration.

For stiff ODE systems with a linear or semi-
linear stiff component, it is possible to improve the
algorithm efficiency by introducing the semi-implicit
KDC (SI-KDC) technique, in which the non-stiff
component is discretized using an explicit scheme
while an implicit method is applied to the linear stiff
part. Using the error equation and spectral integratio
matrix as discussed in Sec. 2, the SI-KDC techniqu
can be presented in the matrix form as

Preconditioning

S(t) = FE(t, Yo + AtS? + AtSES) (9)
+Fy(t,yo + AtSY + AtS1d) — Y (t),
whereSg, represents strictly lower triangular integra-
tion matrix for an explicit scheme, arﬁi is the lower
triangular matrix for an implicit method. The implicit
functionH is then similarly defined as in Sec. 2, and ¢
Newton-Krylov method is applied for its efficient so-
lution. Notice that when the nonlinear component ic
non-stiff, usingSE in SI-KDC won't introduce insta-
bility as in a fully explicit method even when the cho-
sen stepsize is comparable to that in FI-KDC. Also, a
the converged solution in SI-KDC solves the colloca
tion formulation, its accuracy is the same as those di
rived using other preconditioning techniques (it will,



however, slightly change the condition number of the
original system). Therefore, we conclude that the
SI-KDC methods have similar accuracy and stability
properties as the FI-KDC schemes.

To understand the efficiency of the SI-KDC meth-
ods, notice that when the stiff component is linear,
unlike in the FI-KDC methods, no inner Newton it-
eration is required in a Newton-Krylov solution in the
SI-KDC. Therefore, we focus on the eigenvalue dis-
tributions of the Jacobian matrix for the implicit func-
tion H in SI-KDC, which approximately measures the
number of outer Newton-Krylov iterations. In the fol-
lowing, using the linearized stiff ODE system
{ Yt = )\11413/ + )‘2A2y + F(t), (10)

y(0) = yo

as an example, we explicitly derive the Jacobian
matrix and compare it with that from the FI-KDC
scheme. In the formula, we assurkgis a large neg-
ative number\s is O(1), and all eigenvalues ofi;
and As areO(1) and positive, i.e.\; A1y represents
the stiff component and, A,y the non-stiff part.

For the linearized equation, the discretized error
equation takes the form

Y +6 = MAi(yo +~AtSS~{ + gtSIS) 1)
+A2As(yo + AtSY + AtSgd) + F.
The implicit functiond = Hg;(Y') can then be explic-
itly written as

0 = Hgr(Y) = (I = M A1 ASt — A2 A2 AtSg) !
(AM1A1 + XAoAs)(yo + AtSY) + F — Y)),

~ (12)
o5 of this explicit

and the Jacobian matriX,

form of Hg; is

JH~SI = (I — )\1A1AI§§I — AgAzAtSE)_l (13)

(()\1A1 + /\QAQ)AtS — I) .
Similarly, repeating this process for the FI-KDC
method, we get

JH}I = (I — MAALST — AgAzAtSI)_l (14)
((MAL+ A2 A)ALS — 1)
Notice that as\; is a large negative number, the dom-
inating term in both Jacobian matricesligA;/\tSy.
The eigenvalues of the Jacobian matrix from SI-KDC
are therefore similarly distributed as those from FI-
KDC. In Fig. 1, we set\; = —10* and )\, = 1,
and show the almost identical eigenvalue distributions
for Jacobian matrices from SI-KDC and FI-KDC. We
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Figure 1: The eigenvalue distributions @f - + I)
and(Jy; + I) are almost identical.

therefore conclude that the number of outer SI-KDC
Newton-Krylov iterations is approximately the same
as that in FI-KDC. Since no inner Newton iterations
are required in SI-KDC, the SI-KDC technique is
therefore more efficient compared with FI-KDC.

4 Preliminary Numerical Results

In this section, we present two numerical examples t
illustrate the performance of the SI-KDC methods.

4.1 Nonlinear ODE Example

First, we study a stiff nonlinear multi-mode ODE
problem from [11] consisting of th& coupled equa-
tions

Y (t)
yn(t)

pz(t))’ ZSN_]-
( ( ()7Z_N'
(15)

The analytical solution ig;(t) = p;(t) wherep;(t) =
2+ cos(t + ;) and the phase parameter= 27i/N.
We setN = 7 and choose\; as|1,1,1,1,1,1,107].
These equations can be split into two groups: the fir:
six equations are nonlinear and non-stiff, and the la:
equation is linear and stiff.

In the calculation, we march fromy = 0 tot f;,,a
= 3, and use 8 Gaussian nodes in each time step wi
At =0.5. We apply the SI-KDC method with forward
Euler for the non-stiff component and backward Eule
for stiff part, and compare results with those from Fl-
KDC. In Fig. 2, we compare the accuracy and conver
gence. It can be seen that the number of outer Newto
Krylov iterations for the SI-KDC is comparable to that
in FI-KDC for the same accuracy requirement. How-
ever, in the SI-KDC scheme, no inner Newton itera
tions are required, as compared with 10 inner Newto

zpé(t)— 1yz+1( )(y ()

= piy(t)
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Figure 2: Comparing the convergence of SI-KDC and
FI-KDC.

iterations required in the FI-KDC approach. The SI-
KDC is therefore more efficient for the same accuracy
requirement.

4.2 Van der Pol Problem

In our second example we consider the Van der Pol
oscillator which after rescaling gives

(16)
(17)

Y
/
Yo

Y2,
(—y1+ (1= yi)y2) /e

This is a popular test problem for nonlinear stiff ODE
solvers. In this problem, asapproaches zero, the sec-
ond equation becomes increasingly stiff. Notice that
when the first equation is treated explicitly to update
y1, the second equation becomes linear with respect to
y2. Therefore, only linear equations appear in the low-
order time marching scheme when an semi-implicit
approach is applied.

In the experiment, we set = 10~% and use 8
Gaussian points for each time step. We march from
t=0tot = 0.05 using At = 0.0125. Our nu-
merical experiments show that the number of outer
Newton-Krylov iterations in the SI-KDC is compara-
ble to that in FI-KDC for the same accuracy require-
ment and parameter settings. In the following, focus-
ing on the restarted GMRES based Newton-Krylov
method, we compare the convergence of the SI-KDC
and FI-KDC methods. When a full GMRES orthog-
onalization scheme is used, as both the memory and
number of operations grow rapidly when the number
of iterations increases, a common practice is to use the
restarted GMRES so the size of the Krylov subspace is
bounded by a restarting valdg. In general, largé;
means better convergence properties of the Newton-
Krylov method, at the cost of additional memory allo-
cation and extra arithmetic operations.

In Fig. 3, we show how different choices &f
change the properties of the Newton-Krylov itera-

8 Gaussian points
10 T T

——k=2 SI-KDC
—+—k=2 FI-KDC
—e—k=5 SI-KDC
—+—k=5 FI-KDC
4L —e—k=8 SI-KDC
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Figure 3: Comparing the convergence of GMRESJ(
for different kqy for SI-KDC and FI-KDC

tions, and compare the convergence of the SI-KD¢
to that of the FI-KDC method. In this example, the
residual represents the 2-norm of the residual for th
linearized equation. It can be seen that FI-KDC is op
timal in stability and has better convergence propertie
in the outer Newton-Krylov iterations under the same
parameter settings. However, the residual after ea
Newton-Krylov iteration in SI-KDC decays in a very
comparable way as in FI-KDC. In each SDC iteration
approximately 10 inner Newton iterations are require
in FI-KDC to march from¢,, to ¢,,,+1, while only one
linear solve is needed in SI-KDC, we therefore con
clude that the SI-KDC approach is more efficient thai
FI-KDC for this example.

Note that for fixed sizé, in GMRES, whenk,
is large, unnecessary GMRES iterations will be per
formed, while much slower convergence is observe
when kg is too small. Indeed, finding optimal pa-
rameters in the Newton-Krylov methods is an ac
tive research area. Our experiments indicate that d
namically chosingky may result in optimal Newton-
Krylov algorithms which converge super-linearly or
even quadratically.

5 Conclusion

In this paper, semi-implicit KDC methods are intro-
duced for stiff ODE systems with nonlinear non-stiff
component and linear or semi-linear stiff part. Analy-
ses and numerical experiments show that the SI-KD
methods are more efficient compared with the fully
implicit KDC methods as no inner Newton iterations
are required, while they have the same accuracy ai
stability properties as the FI-KDC schemes.
Currently, we are generalizing the SI-KDC ideas



to differential algebraic equations (DAES) (as in [12])
and partial differential equations (PDESs), and devel-
oping numerical packages based on the SI-KDC meth-
ods for applications in power systems and computa-
tional solid and fluid mechanics. Results along these
directions will be reported in the future.

Acknowledgments.  This work was supported by
NSF under grant DMS0411920 and DMS0811130,
and part of work was done when Bu was a visiting
memeber of the Institute for Mathematics and Appli-
cations (IMA) at the University of Minnesota. Their
support is thankfully acknowledged.

References:

[1] U. M. Ascher, and L. R. PetzoldComputer
Methods for Ordinary Differential Equations
and Differential-Algebraic EquationsSIAM,
Philadelphia, 1998.

[2] Uri M. Ascher, Steven J. Ruuth, and Ray-
mond J. Spiteri,Implicit-explicit Runge-Kutta
methods for time-dependent partial differential
equations Appl. Numer. Math.,25 151-167,
1997.

[3] Uri M. Ascher, Steven J. Ruuth, and Brian
T. R. Wetton Implicit-explicit methods for time-
dependent PDE'SSIAM J. Numer. Anal.,32,
797-823, 1995.

[4] A. Bourlioux, A.T. Layton, and M.L. Minion,
High-Order Multi-implicit spectral deferred cor-
rection methods for problems of reactive flalv
Comput. Phys.189, 351-376, 2003.

[5] K. E. Brenan, S. L. Campbell, and L. R.
Petzold, Numerical Solution of Initial-Value
Problems in Differential-Algebraic Equations
SIAM, Philadelphia, 1995.

[6] A. Dutt, L. Greengard, and V. Rokhlirgpectral
deferred correction methods for ordinary differ-
ential equationsBIT 40: (2) 241-266, 2000.

[7] L. Greengard, Spectral Integration and Two-
Point Boundary Value ProblemSIAM J. Num.
Anal. 28, 1071-1080 1991.

[8] E. Hairer, C. Lubich, and M. Rochélhe Nu-
merical Solution of Differential-Algebraic Sys-
tems by Runge-Kutta MethqdSpringer-Verlag,
1989.

[9] E. Hairer, C. Lubich, and G. WanneGeomet-
ric Numerical Integration: Structure-Preserving
Algorithms for Ordinary Differential Equations
Springer-Verlag, 2002.

[10] E. Hairer, and G. Wannegolving Ordinary Dif-
ferential Equations I Springer, 1996.

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

J. Huang, J. Jia, and M. MiniorAccelerating
the Convergence of Spectral Deferred Correc
tion MethodsJ. of Comp. Physic214(2), 633—
656, 2006.

J. Huang, J. Jia, M. L. MinionArbitrary Order
Krylov Deferred Correction Methods for Dif-
ferential Algebraic EquationsComput. Phys.,
221,(2), 739-760, 2007.

C. T. Kelly, Iterative Methods for Linear and
Nonlinear EquationsSIAM, 1995.

Christopher A. Kennedy and Mark H. Car-
penter, Additive Runge-Kutta schemes for
convection-diffusion-reaction equatigné\ppl.
Numer. Math.44:, 139-181, 2003.

D.A. Knoll, and D.E. Keyes, Jacobian-free
Newton-Krylov methods: a survey of ap-
proaches and applicatiodsComput. Physl93,
357-397, 2004

A. Layton, M. Minion, Implications of the
choice of quadrature nodes for Picard integral
deferred corrections methods for ordinary differ-
ential equations BIT Numerical Mathematics,
45 (2), 341-373, 2005.

M. Minion, Semi-implicit spectral deferred cor-
rection methods for ordinary differential equa-
tions Comm. Math. Sci.1, 471-500, 2003.

Y. Saad, and M. H. SchultZGMRES: a gen-
eralized minimal residual algorithm for solving
non-symmetric linear systen8lAM J. Sci. Stat.
Comp.,7:856-869, 1986.



