CS 4824/ECE 4424:
Expectation Maximization

© Debswapna Bhattacharya Machine Learning | Virginia Tech



Estimate 0 from partly observed data — recap

| N
o What if FAHN observed, but not S? @
o Can’t calculate MLE @
0 «— argmaxlog | | P(fr,ar, S, hi,n.|6) f
rg max l;[ ks Qs Sk Pk Tk | il

> Let X be al
all examp.

Headache

1 observed variable values (over

o LetZ be al

LeS) X = %?,A) H/Nj

1 unobserved variable values™ / — % SE

o Can’t calculate MLE

o Estimate:

Ee arg meax l0g P()E, Z|9) l @Qf—d@ m&tXIEQQﬁ P@/Z]Q>
— %\ 2% 8

0 « arg meaxlog P(X, Z|6)]

—
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MLE estimate of m fully observed data - recap

o Maximum likelihood estimate

|

. @SM

0 «— arg meax log P(datal|@)

K
P(data|9)=l 11 P(fes ak, sk, hig, ng) 7
k=1

‘—\,

P(data|0) = [ P(fx)P(ar)P(sk|frar)P(hg|sk)P(ng|sk)
k=1 — = —

o Qur case

K
log P(datal0) = > log P(f)+l0og P(ay)+10g P(sy|frar)+10g P(hy|si)+log P(ny|sy)
- k=1 | |

dlog P(datalf) _ f: dlog P(sk|frar)
k=1

—
i = Sy 8(fr =i, ap = jy s = 1)
S Zlfz(zld(fk:iaa’k‘:j) @ o

p \
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Estimate 6 from partly observed data

- What it FAHN observed, but not S? @
- Can’t calculate MLE

0« argmax log E[P(fk:, Ay ks P, | 0)

- Let X be all observed variable values (over
all examples)

o Let Z be all unobserved variable values
o Can’t calculate MLE

0 «— arg meax log P(X, Z|0)
o What to do?
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Estimate 6 from partly observed data

o Let X be al

all exampl

o What if FAHN observed, but not S? @
Can’t calculate MLE

0 — arg mgaxlogHP(fk,ak,Sk,hk,nkW) " >
k

1 observed variable values (over
es)

o LetZ be al

] unobserved variable values

o Can’t calculate MLE

o EM seeks*

0 — arg m@ax log P(X, Z|6)

to estimate:

B— arg max EZ|X,9[Iog P(X, Z|0)]
‘ * EM guaranteed to find local optima
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Estimate 6 from partly observed data

o EM seeks to estimate: N
6 — arg max Ez xpllog P(X, Z[0)] ) 3 p

> here, observed X={F,A,H,N}, unobserved

\_/\/\/ K
log P(X, Z|0) = > log P(fx)+1og P(ay)+log P(sk|frar)+10g P(hy|sk)+log P(ng|sk)
k=1

Ep(z1x p)|log P(X, Z]0) = 2 Z P(§K~/”Z er\j

ls P({ + ajp(o@ o9 Pl £ )
|ﬁ J > §K>+ Q@ [Ny ] | S ]L
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Estimate 6 from partly observed data

o EM seeks to estimate: A
6 — arg max Ez xpllog P(X, Z[0)] 3 p

> here, observed X={F,A,H,N}, unobserved

Z={S}
K
log P(X, Z|0) = > _ log P(fx)+1og P(ay)+log P(sk|frar)+10g P(hy|sk)+log P(n|sk)
k=1
K[ 1
Epzix0)log P(X,Z10) = Y 1Y P(se =il f, ak, h, i)
k=1 i=0 S

r{ [logP(fi)+109 P(ay)+log P(si|frar)+log P(hy|s;)+log P(nklsk)TL

~

© Debswapna Bhattacharya Machine Learning | Virginia Tech 7



EM algorithm — informally

- EM is a general procedure for learning from partly observed data
o Given observed variables X, unobserved Zz (X={F,A,H,N}, Z={S})

Begin with arbitrary choice for parameters 0 «—

Iterate until convergence:

> E Step: estimate the values of unobserved Z conditioned on X using 0

> M Step: use observed values plmtima/te&to derive a better 0
~———————~— —

o Guaranteed to find local maximum. Each iteration increases

—

J Ep(zx9)log P(X, Z|0')]
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E Step: Use X, 0 to Calculate P(Z1X,0)

. observed X=(F,A H N] Q
o unobserved Z={S}

- How? Bayes net inference problem

_| L, 0, he,hel B
(;(Skzﬂfkak}@: P CSe=l frte, b vl :
(PC%K/q‘f}h{/hK}Q>
\

P(S:[ ng/@K/ }\()h{”\ 163 1 P (S‘:O /{K/@K/L‘K)nf(\@>

© Debswapna Bhattacharya Machine Learning | Virginia Tech 9



E Step: Use X, O to Calculate P(Z1X,0)

» observed X={F,A,H,N]} @
o unobserved Z={S}

- How? Bayes net inference problem

P(S, = 1, frarhing|0)
P(Sk = 1|fraxhgng, 0) = L KOk KT

P(S; =1, fraphgni|0) + P(Si = 0O, fraphini|6)
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EM and estimating 9sj;;
() <D
o observed X={F,A ,H,N}; unobserved Z={S}

> E Step: Calculate P(Z« | Xy; 0) for each training example, k

P(Si = 1|fraphyny, 0) = E[s] P(Sy = 1, frahgny|0)
v k KOk k P(S; = 1, frarhyni|0) + P(Sx = 0, fraphing|0)

> M Step: update all rele\@nt parameters. |
9 o = 5 (ae=1,a=0) I (S
] > 3 (fx=1,%=)

—< :
el > 5 B r) _ _
What was MLE? @— _ k=l Cﬂ[f\( L Ak J gK f)
— 2. %C{Kt%qK:J)ﬂ
re=|
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EM and estimating 9,
() <D
o observed X={F,A ,H,N}; unobserved Z={S}

> E Step: Calculate P(Z« | Xy; 0) for each training example, k

P(S, = 1, fraghgngl|0)
P(S; = 1, fraghini|0) + P(Sy = O, fraghing|6)

P(S;, = 1|fraphing, 0) = Els;] =

> M Step: update all relevant parameters. For example:
.4 Zé(:l 5(f/€=27ak-=]) E[Sk]
s|ig Zl]c(:l 5(fr, =1i,ar = j)

_ 2153(215(]0]6 — iaa'k‘ — ja Sk — 1)

0

Recall MLE was: O.;; = : .
sleg R )
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Generalizing: EM and estimating 0

> More generally, given observed set X, unobserved set Z of boolean values

> E Step: Calculate for each training example, k the expected value of each
unobserved variable

> M Step: Calculate estimates similar to MLE, but replacing each count by its
expected count

15_(5:9(@ 0(Y =0) = (1 — EzxplY])

—

© Debswapna Bhattacharya Machine Learning | Virginia Tech

13



Using (partially) unlabeled data to help
train naive Bayes classifier

Learn P(Y|X) X3 |X4

—>

SSHEE
N

o
JSEEE
—

Ol | O
- O OO -

=

T 7

semi-supervised learning
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EM and estimating ¢

> E step: Calculate for each training example k, PG< Yﬁ
the expected value of each unobserved variable Y@

EEY q RP (Y. \xlj

. = =K
P(X[, XZF ! @ %(\{ > Payes Rule

— &
= R b= ASE)
1=
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EM and estimating

> Observed set X
> Partially unobserved set Y of boolean values

- E step: Calculate for each training example k, the expected value of each
unobserved variable Y

P(y(k) = 1) []; P(z:(k)|y(k) = 1)
> i—o P(y(k) = §) I1; P(zs(k)|y(k) = j)

Epy|x;..xy)W(k)] = P(y(k) = 1]z1(k), ... 2N (k); 0) =

- M step: Calculate estimates similar to MLE, but replacing each count by
its expected count

© Debswapna Bhattacharya Machine Learning | Virginia Tech

16



EM and estimating 6

> Observed set X
> Partially unobserved set Y of boolean values

- E step: Calculate for each training example k, the expected value of each
unobserved variable Y

P(y(k) = 1) 11; P(zi(k)ly(k) = 1)
> jo Ply(k) = §) IT; P(zi(k)ly(k) = j)

Epy|x;..xy)Y(k)] = P(y(k) = 1]z1(k), ... 2N (k); 0) =

- M step: Calculate estimates similar to MLE, but replacing each count by
its expected count

‘ .
> — Y =m) = Zk P(y(k) = m|$1(k) .. :EN(k) 5(332(]{;) — ])
P(Xz_ﬂy_ )= S P(y(k) = mlzy (k) ... sne)y—

MLE would be: P(X; = j|Y =m) =<er oyl = m) A (@i(k) =7 ))1

Zk é(y(k) =m) —
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EM algorithm — summary

- EM is a general procedure for learning from partly observed data
o Given observed variables X, unobserved Z (X={F,A,H,N}, Z={S})

o Define Q(0'|0) = Ep(zx9)llog P(X, Z|0')]

Begin with arbitrary choice for parameters O

Iterate until convergence:

o E Step: Use X and current 0 to calculate P(Z1X,0)
> M Step: Replace current 0 by 6 < arg maxQ(0’|9)
0/

o Guaranteed to find local maximum. Each iteration increases
EP(Z|X,9) log P(X, Z]| 9/)]
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What if we have no labeled data at all ?

Y X1 |[X2 |X3 [X4
? 10 |0 |1 |1
2 10 |17 |0 |0
2 0 |0 |1 10
? 10 |1 |1 |0
X X, Xy Xy ? |0 [1 |0 |1
un
semi;\supervised learning
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Unsupervised clustering

Just extreme case of EM with
zero labeled examples...
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