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Affi T f ti i 3DAffine Transformations in 3D
General formGeneral formGeneral formGeneral formGeneral formGeneral formGeneral formGeneral form



Elementary 3D Affine 
T f tiTransformations
TranslationTranslationTranslationTranslationTranslationTranslationTranslationTranslation



S li A d th O i iScaling Around the Origin



Sh d th i iShear around the origin
Along xAlong x--axisaxisAlong xAlong x--axisaxisAlong xAlong x--axisaxisAlong xAlong x--axisaxis



3DR t ti3DRotation
Various representationsVarious representationsVarious representationsVarious representationsVarious representationsVarious representationsVarious representationsVarious representations

Decomposition into axis Decomposition into axis 
rotations (xrotations (x--roll, yroll, y--roll, zroll, z--roll)roll)
Decomposition into axis Decomposition into axis 
rotations (xrotations (x--roll, yroll, y--roll, zroll, z--roll)roll)

CCW positive assumptionCCW positive assumptionCCW positive assumptionCCW positive assumptionCCW positive assumptionCCW positive assumptionCCW positive assumptionCCW positive assumption



R i d 2D t tiReminder 2D z-rotation



Th i t t t dThree axis to rotate around



Z llZ-roll



X llX-roll
Cyclic indexingCyclic indexingCyclic indexingCyclic indexingCyclic indexingCyclic indexingCyclic indexingCyclic indexing



Y llY-roll



Ri id b d t f tiRigid body transformations
Translations andTranslations andTranslations andTranslations andTranslations and Translations and 
rotationsrotations
Preserve lines angles andPreserve lines angles and

Translations and Translations and 
rotationsrotations
Preserve lines angles andPreserve lines angles andPreserve lines, angles and Preserve lines, angles and 

distancesdistances
Preserve lines, angles and Preserve lines, angles and 

distancesdistances



I i f t f tiInversion of transformations

Translation: TTranslation: T--11(a b c) = T((a b c) = T( aa bb c)c)Translation: TTranslation: T--11(a b c) = T((a b c) = T( aa bb c)c)Translation: TTranslation: T 11(a,b,c) = T((a,b,c) = T(--a,a,--b,b,--c)c)
Rotation: RRotation: R--11

axisaxis(b) = R(b) = Raxisaxis{{--b)b)
Translation: TTranslation: T 11(a,b,c) = T((a,b,c) = T(--a,a,--b,b,--c)c)
Rotation: RRotation: R--11

axisaxis(b) = R(b) = Raxisaxis{{--b)b)
Scaling: SScaling: S--11(sx,sy,sz) = S(1/sx,1/sy,1/sz)(sx,sy,sz) = S(1/sx,1/sy,1/sz)
Sh i ShSh i Sh 11( ) Sh(( ) Sh( ))
Scaling: SScaling: S--11(sx,sy,sz) = S(1/sx,1/sy,1/sz)(sx,sy,sz) = S(1/sx,1/sy,1/sz)
Sh i ShSh i Sh 11( ) Sh(( ) Sh( ))Shearing: ShShearing: Sh--11(a) = Sh((a) = Sh(--a)a)Shearing: ShShearing: Sh--11(a) = Sh((a) = Sh(--a)a)



I f R t tiInverse of Rotations
Pure rotation only noPure rotation only noPure rotation only noPure rotation only noPure rotation only, no Pure rotation only, no 
scaling or shear.scaling or shear.
Pure rotation only, no Pure rotation only, no 
scaling or shear.scaling or shear.



Gi b ll l kGimball lock



Gi b ll l kGimball lock



L f d f f dLoss of degree of freedom



R t ti d bit iRotation around an arbitrary axis
Euler’s theorem: Any rotation or sequence ofEuler’s theorem: Any rotation or sequence ofEuler’s theorem: Any rotation or sequence ofEuler’s theorem: Any rotation or sequence ofEuler s theorem: Any rotation or sequence of Euler s theorem: Any rotation or sequence of 
rotations around a point is equivalent to a single rotations around a point is equivalent to a single 
rotation around an axis that passes through therotation around an axis that passes through the

Euler s theorem: Any rotation or sequence of Euler s theorem: Any rotation or sequence of 
rotations around a point is equivalent to a single rotations around a point is equivalent to a single 
rotation around an axis that passes through therotation around an axis that passes through therotation around an axis that passes through the rotation around an axis that passes through the 
point.point.
rotation around an axis that passes through the rotation around an axis that passes through the 
point.point.

What does the matrix look like?What does the matrix look like?What does the matrix look like?What does the matrix look like?



R t ti d bit iRotation around an arbitrary axis
Axis:Axis: uuAxis:Axis: uuAxis: Axis: uu

Point: PPoint: P

Angle:Angle: ββ

Axis: Axis: uu

Point: PPoint: P

Angle:Angle: ββAngle: Angle: ββ

Method:Method:

11 T t ti t liT t ti t li

Angle: Angle: ββ

Method:Method:

11 T t ti t liT t ti t li1.1. Two rotations to align Two rotations to align uu
with xwith x--axisaxis

22 Do xDo x--roll byroll by ββ

1.1. Two rotations to align Two rotations to align uu
with xwith x--axisaxis

22 Do xDo x--roll byroll by ββ2.2. Do  xDo  x--roll by roll by ββ

3.3. Undo the alignmentUndo the alignment

2.2. Do  xDo  x--roll by roll by ββ

3.3. Undo the alignmentUndo the alignment



D i tiDerivation
11 RR ((--φφ)R)R ((θθ))11 RR ((--φφ)R)R ((θθ))1.1. RRzz(( φφ)R)Ryy((θθ))

2.2. RRxx((ββ))

33 RR (( θθ)R)R ((φφ))

1.1. RRzz(( φφ)R)Ryy((θθ))

2.2. RRxx((ββ))

33 RR (( θθ)R)R ((φφ))3.3. RRyy((--θθ)R)Rzz((φφ))

Alt thAlt th

3.3. RRyy((--θθ)R)Rzz((φφ))

Alt thAlt thAltogether:Altogether:

RRyy((--θθ)R)Rzz((φφ) R) Rxx((ββ) R) Rzz((--φφ)R)Ryy((θθ))

Altogether:Altogether:

RRyy((--θθ)R)Rzz((φφ) R) Rxx((ββ) R) Rzz((--φφ)R)Ryy((θθ))

We can add translation too if We can add translation too if 
the axis is not through thethe axis is not through the

We can add translation too if We can add translation too if 
the axis is not through thethe axis is not through thethe axis is not through the the axis is not through the 
originorigin
the axis is not through the the axis is not through the 
originorigin



Properties of affine 
t f titransformations
11 Preservation of affine combinations of pointsPreservation of affine combinations of points11 Preservation of affine combinations of pointsPreservation of affine combinations of points1.1. Preservation of affine combinations of points.Preservation of affine combinations of points.

2.2. Preservation of lines and planes.Preservation of lines and planes.

1.1. Preservation of affine combinations of points.Preservation of affine combinations of points.

2.2. Preservation of lines and planes.Preservation of lines and planes.

3.3. Preservation of parallelism of lines and planes.Preservation of parallelism of lines and planes.

4.4. Relative ratios are preservedRelative ratios are preserved

3.3. Preservation of parallelism of lines and planes.Preservation of parallelism of lines and planes.

4.4. Relative ratios are preservedRelative ratios are preservedpp

5.5. Affine transformations are composed of Affine transformations are composed of 
elementary ones.elementary ones.

pp

5.5. Affine transformations are composed of Affine transformations are composed of 
elementary ones.elementary ones.elementary ones.elementary ones.elementary ones.elementary ones.



G l fGeneral form
Translation

Rotation, Scaling, 
Shear

Translation



Transformations of Coordinate 
tsystems

Coordinate systems consist of vectors and Coordinate systems consist of vectors and 
i i th f t f thi i th f t f th

Coordinate systems consist of vectors and Coordinate systems consist of vectors and 
i i th f t f thi i th f t f than origin, therefore we can transform them an origin, therefore we can transform them 

just like points and vectors.just like points and vectors.
an origin, therefore we can transform them an origin, therefore we can transform them 
just like points and vectors.just like points and vectors.

Alternative way to think of transformationsAlternative way to think of transformationsAlternative way to think of transformationsAlternative way to think of transformations



R i d C di t tReminder: Coordinate systems

Coordinate 
( b θ)system: (a,b,c,θ)



Reminder: The homogeneous 
t ti f i t d trepresentation of points and vectors



T f i CS1 i t CS2Transforming CS1 into CS2
What is the relationshipWhat is the relationshipWhat is the relationshipWhat is the relationshipWhat is the relationship What is the relationship 
between P in CS2 and P in between P in CS2 and P in 
CS1 if CS2 = T(CS1)?CS1 if CS2 = T(CS1)?

What is the relationship What is the relationship 
between P in CS2 and P in between P in CS2 and P in 
CS1 if CS2 = T(CS1)?CS1 if CS2 = T(CS1)?

y P
b

eCS1 if CS2  T(CS1)?CS1 if CS2  T(CS1)?CS1 if CS2  T(CS1)?CS1 if CS2  T(CS1)?

j’ d

CS2

x

j

i

j
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O

O’
a

d

CS1



D i tiDerivation



D i tiDerivation



P i CS1 P i CS2P in CS1 vs P in CS2
Proof in pages 245 246 ofProof in pages 245 246 ofProof in pages 245 246 ofProof in pages 245 246 of yProof in pages 245,246 of Proof in pages 245,246 of 
[Hill][Hill]
Proof in pages 245,246 of Proof in pages 245,246 of 
[Hill][Hill]
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Successive transformations of 
CSCS
CS1CS1 CS2CS2 CS3CS3CS1CS1 CS2CS2 CS3CS3

y P
CS1 CS1 CS2 CS2 CS3CS3CS1 CS1 CS2 CS2 CS3CS3

T1 T2

j
j’

i’O’

xiO



Transformations as a change of 
b ibasis CS2

CS1

We know the basis vectors and we know that

What is M with respect to  the basis vectors?



Transformations as a change of 
b ibasis CS2

CS1

That is:

We can view transformations as a change of  
coordinate system  



Transforming a point through 
t f i di t ttransforming coordinate systems



Transforming a point through 
t f i di t ttransforming coordinate systems



Transforming a point through 
t f i di t ttransforming coordinate systems



R l f th bRule of thumb
Transforming a point P:Transforming a point P:Transforming a point P:Transforming a point P:Transforming a point P:Transforming a point P:
Transformations: T1,T2,T3Transformations: T1,T2,T3

Matrix: M = M3 x M2 x M1Matrix: M = M3 x M2 x M1

Transforming a point P:Transforming a point P:
Transformations: T1,T2,T3Transformations: T1,T2,T3

Matrix: M = M3 x M2 x M1Matrix: M = M3 x M2 x M1

Point transformed by: MPPoint transformed by: MP

Succesive transformations happen with respect to the same CSSuccesive transformations happen with respect to the same CS

Point transformed by: MPPoint transformed by: MP

Succesive transformations happen with respect to the same CSSuccesive transformations happen with respect to the same CS

Transforming a CSTransforming a CS
Transformations: T1, T2, T3Transformations: T1, T2, T3

Transforming a CSTransforming a CS
Transformations: T1, T2, T3Transformations: T1, T2, T3

Matrix: M = M1 x M2 x M3Matrix: M = M1 x M2 x M3

A point has original coordinates MPA point has original coordinates MP

Matrix: M = M1 x M2 x M3Matrix: M = M1 x M2 x M3

A point has original coordinates MPA point has original coordinates MP

Each transformations happens with respect to the new CS.Each transformations happens with respect to the new CS.Each transformations happens with respect to the new CS.Each transformations happens with respect to the new CS.



R l f th bRule of thumb

To find the transformation matrix thatTo find the transformation matrix thatTo find the transformation matrix thatTo find the transformation matrix thatTo find the transformation matrix that To find the transformation matrix that 
transforms P from CSA coordinates to CSB transforms P from CSA coordinates to CSB 

di t fi d th fdi t fi d th f

To find the transformation matrix that To find the transformation matrix that 
transforms P from CSA coordinates to CSB transforms P from CSA coordinates to CSB 

di t fi d th fdi t fi d th fcoordinates, we find the sequence of coordinates, we find the sequence of 
transformations that align CSB to CSA transformations that align CSB to CSA 

l ti t i f l ft t i htl ti t i f l ft t i ht

coordinates, we find the sequence of coordinates, we find the sequence of 
transformations that align CSB to CSA transformations that align CSB to CSA 

l ti t i f l ft t i htl ti t i f l ft t i htaccumulating matrices from left to right.accumulating matrices from left to right.accumulating matrices from left to right.accumulating matrices from left to right.



E l ti f thi lExplanation of this rule
If we think transforming systems, 
M takes CS A from the left and 
produces B on the right. 

AMB

Transformation M:  AMB

P

After this transformation we talk 
in B coordinates (right side).

P
If we think about points then we 
move the other way. M takes B 
on the right and produces the A

CS A CS B

on the right and produces the A 
coordinates on the left:

AMB
CS B



E l ti f thi lExplanation of this rule

Take this simple example where 
to produce B we translate A by 1 
on x axis. 

Transformation M:  AMB

P

PB = (1,1) PA = (2,1)

If we move A by +1 to transform 
it into B then the coordinates of P 

P with respect to the new system 
are shortened by 1 (B is closer to 
P than A by 1). So if we want to 
transform the coordinates of P

CS A CS B

transform the coordinates of P 
from B to A we need to add 1 in 
x. Exactly what we need to do to  
transform system A to B.

CS B



G hi Pi liGraphics Pipeline

OCS WCS VCS CCS

Modeling 
transformation

Viewing 
transformation

Projection 
transformation

Perspective     
division 

Viewport 
transformation

NDCS
DCS



T l ti i O GLTranslation in OpenGL
glTranslate3f(GLfloat x GLfloat y GLfloat z) ;glTranslate3f(GLfloat x GLfloat y GLfloat z) ;glTranslate3f(GLfloat x GLfloat y GLfloat z) ;glTranslate3f(GLfloat x GLfloat y GLfloat z) ;glTranslate3f(GLfloat x, GLfloat y, GLfloat z) ;glTranslate3f(GLfloat x, GLfloat y, GLfloat z) ;

glTranslate3d(GLdouble x, GLdouble y, GLdouble z);glTranslate3d(GLdouble x, GLdouble y, GLdouble z);

glTranslate3f(GLfloat x, GLfloat y, GLfloat z) ;glTranslate3f(GLfloat x, GLfloat y, GLfloat z) ;

glTranslate3d(GLdouble x, GLdouble y, GLdouble z);glTranslate3d(GLdouble x, GLdouble y, GLdouble z);



S li i O GLScaling in OpenGL
glScalef(GLfloat sx GLfloat sy GLfloat sz) ;glScalef(GLfloat sx GLfloat sy GLfloat sz) ;glScalef(GLfloat sx GLfloat sy GLfloat sz) ;glScalef(GLfloat sx GLfloat sy GLfloat sz) ;glScalef(GLfloat sx, GLfloat sy, GLfloat sz) ;glScalef(GLfloat sx, GLfloat sy, GLfloat sz) ;

glScaled(GLdouble sx, GLdouble sy, GLdouble sz) ;glScaled(GLdouble sx, GLdouble sy, GLdouble sz) ;

glScalef(GLfloat sx, GLfloat sy, GLfloat sz) ;glScalef(GLfloat sx, GLfloat sy, GLfloat sz) ;

glScaled(GLdouble sx, GLdouble sy, GLdouble sz) ;glScaled(GLdouble sx, GLdouble sy, GLdouble sz) ;



R t ti i O GLRotation in OpenGL
glRotatef(GLfloat angle GLfloat x GLfloat y GLfloat z) ;glRotatef(GLfloat angle GLfloat x GLfloat y GLfloat z) ;glRotatef(GLfloat angle GLfloat x GLfloat y GLfloat z) ;glRotatef(GLfloat angle GLfloat x GLfloat y GLfloat z) ;glRotatef(GLfloat angle, GLfloat x, GLfloat y, GLfloat z) ;glRotatef(GLfloat angle, GLfloat x, GLfloat y, GLfloat z) ;

glRotated(GLdouble angle, GLdouble ux, GLdouble uy, glRotated(GLdouble angle, GLdouble ux, GLdouble uy, 
GLdouble uz) ;GLdouble uz) ;

glRotatef(GLfloat angle, GLfloat x, GLfloat y, GLfloat z) ;glRotatef(GLfloat angle, GLfloat x, GLfloat y, GLfloat z) ;

glRotated(GLdouble angle, GLdouble ux, GLdouble uy, glRotated(GLdouble angle, GLdouble ux, GLdouble uy, 
GLdouble uz) ;GLdouble uz) ;GLdouble uz) ;GLdouble uz) ;GLdouble uz) ;GLdouble uz) ;

(Matrix in the next slide)(Matrix in the next slide)(Matrix in the next slide)(Matrix in the next slide)( )( )( )( )



Composition of transformations in 
O GL

Successively transforming the coordinateSuccessively transforming the coordinateSuccessively transforming the coordinateSuccessively transforming the coordinate

OpenGL

Successively transforming the coordinate Successively transforming the coordinate 
systemsystem
Successively transforming the coordinate Successively transforming the coordinate 
systemsystem
M = MM = M11 MM22 MM33 …. M…. Mnn

PPworldworld = M= M PobjPobj

M = MM = M11 MM22 MM33 …. M…. Mnn

PPworldworld = M= M PobjPobjPPworldworld  M  M PobjPobjPPworldworld  M  M PobjPobj



O GL M d l i M t iOpengGL Modelview Matrix
Each transformation post multiplies the currentEach transformation post multiplies the currentEach transformation post multiplies the currentEach transformation post multiplies the currentEach transformation post multiplies the current Each transformation post multiplies the current 
modelview matrix CMmodelview matrix CM
glMatrixMode(GL MODELVIEW) ;glMatrixMode(GL MODELVIEW) ;

Each transformation post multiplies the current Each transformation post multiplies the current 
modelview matrix CMmodelview matrix CM
glMatrixMode(GL MODELVIEW) ;glMatrixMode(GL MODELVIEW) ;glMatrixMode(GL_MODELVIEW) ;glMatrixMode(GL_MODELVIEW) ;

glLoadIdentity() ; glLoadIdentity() ; // CM = I// CM = I

lR t t f(45 0 0 1)lR t t f(45 0 0 1) // CM I*R (45)// CM I*R (45)

glMatrixMode(GL_MODELVIEW) ;glMatrixMode(GL_MODELVIEW) ;

glLoadIdentity() ; glLoadIdentity() ; // CM = I// CM = I

lR t t f(45 0 0 1)lR t t f(45 0 0 1) // CM I*R (45)// CM I*R (45)glRotatef(45, 0,0,1) ; glRotatef(45, 0,0,1) ; // CM = I*Rz(45) ;// CM = I*Rz(45) ;

glTranslatef(1,1,1) ; glTranslatef(1,1,1) ; // CM = CM*T(1,1,1) =// CM = CM*T(1,1,1) =
// = I*Rz(45) *T(1 1 1)// = I*Rz(45) *T(1 1 1)

glRotatef(45, 0,0,1) ; glRotatef(45, 0,0,1) ; // CM = I*Rz(45) ;// CM = I*Rz(45) ;

glTranslatef(1,1,1) ; glTranslatef(1,1,1) ; // CM = CM*T(1,1,1) =// CM = CM*T(1,1,1) =
// = I*Rz(45) *T(1 1 1)// = I*Rz(45) *T(1 1 1)//        = I Rz(45) T(1,1,1)//        = I Rz(45) T(1,1,1)

glScale(2,1,1) ; glScale(2,1,1) ; // CM = CM *S(2,1,1) = I*Rz*T*S// CM = CM *S(2,1,1) = I*Rz*T*S

//        = I Rz(45) T(1,1,1)//        = I Rz(45) T(1,1,1)

glScale(2,1,1) ; glScale(2,1,1) ; // CM = CM *S(2,1,1) = I*Rz*T*S// CM = CM *S(2,1,1) = I*Rz*T*S



A bit t iArbitrary matrices
Arbitrary affine (or not)Arbitrary affine (or not)Arbitrary affine (or not)Arbitrary affine (or not)Arbitrary affine  (or not) Arbitrary affine  (or not) 
transformationstransformations
glLoadMatrixf(GLfloat *M) ; // CM = MglLoadMatrixf(GLfloat *M) ; // CM = M

Arbitrary affine  (or not) Arbitrary affine  (or not) 
transformationstransformations
glLoadMatrixf(GLfloat *M) ; // CM = MglLoadMatrixf(GLfloat *M) ; // CM = MglLoadMatrixf(GLfloat *M) ; // CM = MglLoadMatrixf(GLfloat *M) ; // CM = M

glLoadMatrixd(GLdouble *M) ; // CM = MglLoadMatrixd(GLdouble *M) ; // CM = M

glLoadMatrixf(GLfloat *M) ; // CM = MglLoadMatrixf(GLfloat *M) ; // CM = M

glLoadMatrixd(GLdouble *M) ; // CM = MglLoadMatrixd(GLdouble *M) ; // CM = M

glMultMatrixf(GLfloat *M) ; // CM = CM*MglMultMatrixf(GLfloat *M) ; // CM = CM*MglMultMatrixf(GLfloat *M) ; // CM = CM*MglMultMatrixf(GLfloat *M) ; // CM = CM*M

glMultMatrixd(GLfloat *M) ; // CM = CM*MglMultMatrixd(GLfloat *M) ; // CM = CM*MglMultMatrixd(GLfloat *M) ; // CM = CM*MglMultMatrixd(GLfloat *M) ; // CM = CM*M



T i k P i tTricky Point

There are no multiThere are no multi dimensional arrays in cdimensional arrays in cThere are no multiThere are no multi dimensional arrays in cdimensional arrays in cThere are no multiThere are no multi--dimensional arrays in c.dimensional arrays in c.
ColumnColumn--majormajor order vs. order vs. rowrow--majormajor order.order.

There are no multiThere are no multi--dimensional arrays in c.dimensional arrays in c.
ColumnColumn--majormajor order vs. order vs. rowrow--majormajor order.order.

OpenGL uses column major order that is:OpenGL uses column major order that is:OpenGL uses column major order that is:OpenGL uses column major order that is:



F db kFeedback

GLdouble m[16] ; glGetDoublev(GL MODELVIEW MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL MODELVIEW MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL MODELVIEW MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL MODELVIEW MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL_MODELVIEW_MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL_MODELVIEW_MATRIX,m) ;

GLfloat m[16] ; glGetFloatv(GL MODELVIEW MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL MODELVIEW MATRIX,m) ;

GLdouble m[16] ; glGetDoublev(GL_MODELVIEW_MATRIX,m) ;GLdouble m[16] ; glGetDoublev(GL_MODELVIEW_MATRIX,m) ;

GLfloat m[16] ; glGetFloatv(GL MODELVIEW MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL MODELVIEW MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL_MODELVIEW_MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL_MODELVIEW_MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL_MODELVIEW_MATRIX,m) ;GLfloat m[16] ; glGetFloatv(GL_MODELVIEW_MATRIX,m) ;



M t i St kMatrix Stack
Why a stack?Why a stack?Why a stack?Why a stack?Why a stack?Why a stack?
•• Reuse of transformationsReuse of transformations

•• Control the effect of transformationsControl the effect of transformations

Why a stack?Why a stack?
•• Reuse of transformationsReuse of transformations

•• Control the effect of transformationsControl the effect of transformations•• Control the effect of transformationsControl the effect of transformations

•• Hierarchical structuresHierarchical structures

Manipulating the stackManipulating the stack

•• Control the effect of transformationsControl the effect of transformations

•• Hierarchical structuresHierarchical structures

Manipulating the stackManipulating the stackManipulating the stackManipulating the stack
•• glPushMatrix() ;glPushMatrix() ;

•• glPopMatrix() ;glPopMatrix() ;

Manipulating the stackManipulating the stack
•• glPushMatrix() ;glPushMatrix() ;

•• glPopMatrix() ;glPopMatrix() ;•• glPopMatrix() ;glPopMatrix() ;•• glPopMatrix() ;glPopMatrix() ;



E lExample
Wrist and 5 fingersWrist and 5 fingersWrist and 5 fingersWrist and 5 fingersWrist and 5 fingersWrist and 5 fingers
We want the fingers to stay We want the fingers to stay 

attached to the wrist as theattached to the wrist as the

Wrist and 5 fingersWrist and 5 fingers
We want the fingers to stay We want the fingers to stay 

attached to the wrist as theattached to the wrist as the Wristattached to the wrist as the attached to the wrist as the 
wrist moves.wrist moves.
attached to the wrist as the attached to the wrist as the 
wrist moves.wrist moves.

F1 1F1_1

F1_2

F1_3



Hi hHierarchy
Twrist

CSwrist

Wrist

Twrist

F1 1

Wrist T1_1

F1_1

F1_2
F1_1 T1_2

F1_3F1_2 T1_3

F1_3 CSwolrd



Hi hHierarchy
CSF1 1 = T1 1(CSwrist)CSF1 1 = T1 1(CSwrist)CSF1 1 = T1 1(CSwrist)CSF1 1 = T1 1(CSwrist)

CSwrist

CSF1_1 = T1_1(CSwrist)CSF1_1 = T1_1(CSwrist)

CSF1_2 = T1_2(CSF1_1)CSF1_2 = T1_2(CSF1_1)

CSF1_1 = T1_1(CSwrist)CSF1_1 = T1_1(CSwrist)

CSF1_2 = T1_2(CSF1_1)CSF1_2 = T1_2(CSF1_1) Wrist

CSF1_3 = T1_3(CSF1_2)CSF1_3 = T1_3(CSF1_2)CSF1_3 = T1_3(CSF1_2)CSF1_3 = T1_3(CSF1_2)

F1 1F1_1

F1_2

F1_3

CSwolrd



H t thi k b t t f tiHow to think about transformations

OpenGL codeOpenGL codeOpenGL codeOpenGL codeOpenGL codeOpenGL code
•• Transformations of coordinate systems TOP to Transformations of coordinate systems TOP to 

BOTTOMBOTTOM

OpenGL codeOpenGL code
•• Transformations of coordinate systems TOP to Transformations of coordinate systems TOP to 

BOTTOMBOTTOMBOTTOMBOTTOM

•• Transformations of objects BOTTOM to TOPTransformations of objects BOTTOM to TOP

BOTTOMBOTTOM

•• Transformations of objects BOTTOM to TOPTransformations of objects BOTTOM to TOP

Which one do we use to think of Which one do we use to think of 
transformations?transformations?
Which one do we use to think of Which one do we use to think of 
transformations?transformations?transformations?transformations?
•• Whichever we likeWhichever we like

transformations?transformations?
•• Whichever we likeWhichever we like

•• Usually bothUsually both•• Usually bothUsually both



E lExample:

Given a unit cube center at the origin createGiven a unit cube center at the origin createGiven a unit cube center at the origin createGiven a unit cube center at the origin createGiven a unit cube center at the origin create Given a unit cube center at the origin create 
a cube as shown in the next slidea cube as shown in the next slide
Given a unit cube center at the origin create Given a unit cube center at the origin create 
a cube as shown in the next slidea cube as shown in the next slide

























H b id f thi kiHybrid way of thinking

Use TOP to BOTTOM to position aUse TOP to BOTTOM to position aUse TOP to BOTTOM to position aUse TOP to BOTTOM to position aUse TOP to BOTTOM to position a Use TOP to BOTTOM to position a 
coordinate system coordinate system 
Use TOP to BOTTOM to position a Use TOP to BOTTOM to position a 
coordinate system coordinate system 
Then use BOTTOM to TOP to position the Then use BOTTOM to TOP to position the 
objects within that systemobjects within that system
Then use BOTTOM to TOP to position the Then use BOTTOM to TOP to position the 
objects within that systemobjects within that system
Often it is easier to do it in the opposite Often it is easier to do it in the opposite 
orderorder
Often it is easier to do it in the opposite Often it is easier to do it in the opposite 
orderorderorderorderorderorder


